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1. Introduction

Algebraic geometry studies the solutions to systems of polynomial equations, often visualized as geometric objects called
algebraic varieties. While these varieties are defined algebraically, their underlying topological spaces possess rich structures
that can be analyzed using tools from topology. Topological invariants are properties of these spaces that remain unchanged
under homeomorphisms, making them powerful for classification and comparison1457. In algebraic geometry, such invariants
help connect the algebraic properties of varieties to their geometric and topological features.

2. What are Topological Invariants?

A topological invariantis any property of a topological space that is preserved under homeomorphisms—continuous
deformations that have continuous inverses12457. In other words, if two spaces are homeomorphic, they share the same
topological invariants. Examples include connectedness, compactness, genus, Betti numbers, and more57.

These invariants can be:

e Numerical: Such as dimension or Betti numbers.

e Algebraic: Such as homology and cohomology groups, or the fundamental group.

e Qualitative: Such as connectedness or compactness.

The invariance under homeomorphisms makes these properties essential for distinguishing spaces that may look different but
are topologically the same, or for proving that two spaces are not homeomorphic157.

3. Key Topological Invariants in Algebraic Geometry

3.1 Betti Numbers

Betti numbers are numerical invariants that count the number of independent cycles in each dimension of a space. For example,
the first Betti number counts the number of independent loops, while the second counts the number of independent voids or
cavities. In algebraic geometry, Betti numbers are crucial for understanding the topology of algebraic varieties5.
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3.2 Homology and Cohomology Groups

Homology and cohomology groups assign sequences of

abelian groups to a topological space, capturing information

about its structure in various dimensions35. These groups are

central to algebraic topology and are widely used in algebraic

geometry to study and classify varieties.

e Homology groups measure the presence of holes of
different dimensions.

e Cohomology groups provide a dual perspective, often
with additional algebraic structure, such as a ring
structure (cohomology ring).

The ranks of these groups are the Betti numbers, and their
structure encodes deep geometric and topological
information about the space35.

3.3 Fundamental Group and Homotopy Groups

The fundamental group is an algebraic invariant that captures
information about the loops in a space and how they can be
deformed into each other356.In algebraic geometry, the
fundamental group of a variety can reveal information about
its connectedness and possible coverings.

Higher homotopy groups generalize the fundamental group
to higher-dimensional spheres, capturing more subtle
topological features36.

3.4 Genus

For curves and surfaces, the genus is a classic topological
invariant that counts the number of "holes" in the surface. In
algebraic geometry, the genus of a curve is a fundamental
invariant, influencing properties such as the number of
rational points and the structure of the curve.

4. The Role of Topological Invariants in Algebraic
Geometry

4.1 Classification and Distinction

Topological invariants are essential in classifying algebraic
varieties up to homeomorphism or  homotopy
equivalencel35. For example, two varieties with different
Betti numbers or fundamental groups cannot be
homeomorphic. This allows mathematicians to distinguish
between varieties that may be algebraically similar but
topologically distinct.

4.2 Bridging Algebra and Topology
Algebraic geometry often uses algebraic topology to
translate geometric problems into algebraic ones3. By
associating algebraic invariants (like homology groups) to
topological spaces, complex geometric questions can be
approached using the tools of algebra.

4.3 Cohomology Theories

Cohomology theories, such as de Rham cohomology or étale
cohomology, are particularly important in algebraic
geometry. They provide powerful invariants that can be
computed algebraically but have deep topological
significance. For example, de Rham cohomology connects
differential forms on a smooth variety to its topological
structure3.

4.4 Functoriality and Natural Transformations
Topological invariants in algebraic geometry are often
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functorial: continuous maps between varieties induce
homomorphisms between their invariants3. This functoriality
is crucial for many applications, such as studying morphisms
between varieties or understanding how invariants behave
under various geometric operations.

5. Examples of Topological Invariants in Algebraic
Geometry

5.1 Elliptic Curves

An elliptic curve over the complex numbers is topologically
a torus (a doughnut-shaped surface). Its genus is 1, and its
first Betti number is 2, reflecting the two independent cycles
on the torus.

5.2 Projective Spaces

Complex projective space CPnCPn has well-understood
homology and cohomology groups, with Betti numbers that
are 1 in even dimensions and 0 in odd dimensions.

5.3 Riemann Surfaces

Riemann surfaces are one-dimensional complex manifolds,
and their genus is a key topological invariant. The
classification of compact Riemann surfaces up to
homeomorphism is determined by their genus.

6. Advanced Topics

6.1 Intersection Theory and Cohomology Rings
Intersection theory studies how subvarieties intersect within
a variety. The cohomology ring encodes information about
these intersections and is a refined topological invariant,
particularly important in enumerative geometry.

6.2 Sheaf Cohomology

Sheaf cohomology generalizes the notion of cohomology to
more abstract settings and is a central tool in modern
algebraic geometry. It provides invariants that capture both
local and global properties of varieties.

6.3 Topological Invariants and Curvature

There are deep connections between topological invariants
and geometric properties like curvature. For example, the
Gauss-Bonnet theorem relates the Euler characteristic (a
topological invariant) of a surface to its total curvature6.

7. Conclusion

Topological invariants are indispensable in algebraic
geometry, providing a bridge between the algebraic and
topological worlds. They allow for the -classification,
distinction, and deep analysis of algebraic varieties, revealing
the rich interplay between geometry, algebra, and topology.
As algebraic geometry continues to evolve, topological
invariants remain at the heart of its most profound results and
techniques.
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