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1. Introduction

In this paper, | investigated and generalized some well-known results on common fixed points to the class of partial metric
spaces. Many problems in pure and applied mathematics reduce to finding a common fixed point of self-mapping operators
defined on metric spaces. Partial metric spaces generalize traditional metric spaces by allowing the self-distance of points to be
non-zero while still satisfying the properties of symmetry and a modified version of the triangle inequality. This study extends
and analyzes these results within the framework of partial metric spaces, offering broader applicability and deeper insights into
fixed point theory.

Partial metric spaces, introduced by Matthews [ 21, generalize classical metric spaces by relaxing the axiom d(x,x) = 0 to
d(x,x) < d(x,y). This modification enables the modeling of computational processes where self-distance (e.g., computational
complexity or information content) need not vanish, making partial metrics particularly valuable in computer science
applications such as program semantics, domain theory, and logic programming B-71. Matthews [ established foundational
results for these spaces, including convergence properties and fixed-point theorems for contractive mappings. Specifically, he
proved that any contraction T on a complete partial metric space (X, p), satisfying p(Tx, Ty) < kp(x,y) for 0 < k < 1, admits
a unique fixed point. These results have spurred extensive research, with recent works -8 extending classical fixed-point
theorems, originally formulated for metric spaces to the partial metric framework.

The versatility of partial metric spaces lies in their ability to encode both metric and topological structures simultaneously. For
instance, they generate T, topologies and induce equivalent metrics (e.g., dp and dm) that recover classical results while
accommodating richer computational and geometric interpretations.
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This paper extends common fixed-point theorems for pairs of self-mappings (both non-commuting and commuting) from metric
spaces 1] to partial metric spaces, addressing existence, uniqueness, and convergence under weakened assumptions.

2. Preliminaries

Definition 1.1 (Partial Metric Space ™M)

A partial metric space (PMS) is a pair (X, p), where X is a nonempty setand p: X X X - RO +
satisfies:

1. Nonzero Self-Distance: x =y & p(x,x) =p(y,y) = p(x,y),

2. Small Self-Distance: p(x,x) < p(x,y),

3. Symmetry: p(x,y) = p(y,x),
4. Modified Triangle Inequality: p(x,y) < p(x,2) + p(z,y) — p(2, 2).

Induced Metrics
For a PMS (X, p), the functions dp, dm: X X X — RO +, defined as:

dp(x,y) = 2p(x,y) —p(x,x) —p(,y),
dm(x,y) = max{p(x,y) —p(x,x),p(x,y) —p(, )}
are equivalent metrics on X.

Example 1.2%2
Let X = [a,b]:a,b€R,a<b and define p([a,b] [c,d]) = max{b,d} — min{a,c}. Then (X,p) is a PMS.

Topological Concepts in PMS
1. Convergence: A sequence xn in (X, p) convergesto x € X if p(x,x) = lim p (x, x;,).
n—oo
2. Cauchy Sequence: xn is Cauchy if lim p (x,, x,,) exists and is finite.
n,m—oo
3. Completeness: (X, p) is complete if every Cauchy sequence xn converges (under 7,,) to some x € X with lim p (x,, x;).
n,m—-oo
4

Continuity: A mapping f: X — X is continuous at x, € X if for every € > 0, there exists § > 0 such that f (Bp (xo, 6)) c
Bp(f(xo), E)'

Key Lemmas

1. Lemma 1.41%213;
a) xnis Cauchyin (X,p) & xn is Cauchy in (X, dp).
b) (X,p) is complete & (X, dp) is complete. Moreover,

n—-oo

lim d,, (x,x,) =0 & p(x,x) = limp (x,x,) = lim p (xp, xp,)
n—-oo n,m—-oo
2. Lemma 1.6 If xn — z in (X, p) with p(z,z) = 0, then lim p (x,,y) = p(z,y) forall y € X.
n—-oo

Remark 1.5

InaPMS (X, p):

A pxy)=0=x=y,
B. x#y = p(x,y)>0.

These preliminaries establish the framework for extending fixed point theory to partial metric spaces, bridging classical analysis
with applications in computation and topology.

3. Main Results
Theorem 3.2: Let (X,p) be a complete partial metric space, and S, T, U: X — X be three self- mappings. Suppose there exists
r € [0,1) such that for all x,y,z € X:

p(Sx,Ty) < rmax{p(Ux,x), p(Uy,y), p(x,¥), 5 P(Sx,¥) +p(Ty,x)

Then, there exists a unique z € X suchthat Sz =Tz = Uz = z.
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Proof
Let x0€X an arbitrary initial point. the sequence x,, cyclically as follows:

X1 = Sxof
Xy =Ty,
X3 = sz,
X4 = Sy,
x5 = Ty,,
Xe = st,

In general, for k > 0:
X3p+1 = SXzk

X3g+2 = TXzgsq

Xar+3 = UXzpy2, k20

We analyze the sequence x,, using the given contraction condition.

Case 1: For n = 3k, consider p(x3x 41, Xsx+2) = P(Sx3p, TX3541)
Applying the contraction condition

1
P(Sx3k, TX3p41) < T max{ P(Ux3p, X35), P(UX3k41, X3541), P (X350 X38041), (5) [p(Sx3x, X3p41) + P(Tx3k+1'x3k)]}
Simplify using properties of p:
P(Uxzp, X31) = P (X343, X3r)(Since X33 = Uxgpyn)

P(Sx3k, X3k41) = P(X3p41s X3k41) S P(X3k41, X31) by (PM2)

The dominant term reduces to p(xsy, X3x4+1) Thus:
P(X3ks1 Xak42) < T - P(X3p, X3k041)

Case 2: Forn = 3k + 1 and n = 3k + 2, analogous inequalities hold:
P(Xzra2p Xzia3y) < 7P (Xke1p X@ke2)),
P(Xzra3p Xzrray) < 700 (X@ake2) X(zra3))

From the above inequalities, for all n > 0:
P(Xns1, Xp) < T p(x0,%1)

For the induced metric dp(x,y) = 2p(x,y) — p(x,x) — p(y,y) we have:
dp(xn,xn+1) < 2p(xp, Xna1) < 27" p(xg, X1)

For m>n, by the triangle inequality:
ApGeprm) S Zhon Aplepnsy) < 2P X0, X1) Ligen T°

Since r € [0,1), the series Y7, 7% converges to % Therefore, dp(x,,, x,,) = 0 asn — oo, proving x,, is Cauchy in (X, dp).
By Lemma 1.4, (X, p) is complete, so x,, converges to some z € X in dp. Moreover

p(z,2) = lim p(x,,z) = lim p(,x,) =0
n—-oo n,m-oo
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For S: Apply the contraction condition to p(S,, T,):

p(Sz,Tz) < r max{p(Uz, 2),p(Tz,Tz),p(z, z), (g) [p(Sz,2) + p(Tz, Sz)]}

Since, p(z,z) = 0 and p(Sz, z) = p(Tz, z) = 0 (by convergence), this reduces to:

p(Sz,Tz) <71 -p(Sz,Tz) = p(Sz,Tz) =0= Sz =Tz.

For T and U: Similarly, apply the contraction condition to p(Tz, Uz) and p(Uz, Sz):

p(Tz,Uz) < rmax{p(Uz, 2),p(U(Uz),Uz),p(z,Uz), (%) [p(Tz,2) + p(Uz, UZ)]} =0,

p(Uz,S5z) < rmax{p(Uz, 2),0(82,52),p(Uz, S2), G) [p(Uz,Sz) + p(Sz, Uz)]} = 0.

Thus, Tz = Uz = Sz = z.

Uniqueness: Suppose w is another common fixed point. Then:

p(z,w) = p(Sz,Tw) < rmax{p(Uz,z),p(Uw, w),p(z, w),(é) [p(Sz,w) + p(Tw,z)]} = rp(z,w)

Sincer < 1, p(z,w) = 0impliesz = w
This completes the proof
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