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Abstract 

High-order numerical methods for ordinary differential equations have become 

indispensable tools in applied mathematics, computational science, and engineering 

applications where accuracy, stability, and computational efficiency are critical 

requirements. This article presents a comprehensive analysis of advanced numerical 

techniques for solving ordinary differential equations, with particular emphasis on 

stability theory, convergence properties, and error estimation mechanisms that govern 

the performance of high-order schemes. The study examines finite difference methods, 

Runge–Kutta approaches, multistep techniques, and spectral methods, investigating 

their mathematical foundations and computational characteristics. Special attention is 

devoted to error analysis frameworks that enable rigorous assessment of numerical 

accuracy and the trade-offs between computational cost and solution quality. 

Applications in engineering systems, physical modeling, dynamical systems analysis, 

and data-driven computational frameworks are explored to demonstrate the practical 

significance of these methods. The review addresses current challenges in numerical 

analysis, including stiffness handling, long-time integration accuracy, and adaptive 

strategy development. Future research directions emphasize the integration of high-

order methods with machine learning approaches, development of structure-

preserving algorithms, and enhancement of computational efficiency for large-scale 

systems. This work provides valuable insights for researchers and practitioners 

seeking to select and implement appropriate numerical methods for complex ordinary 

differential equations arising in real-world applications.
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1. Introduction 

1.1 Background and Motivation 

Ordinary differential equations constitute fundamental mathematical models across diverse scientific and engineering 

disciplines, describing dynamic phenomena ranging from mechanical vibrations and chemical kinetics to control systems and 

celestial mechanics [1, 2]. The analytical solutions of these equations are available only for limited classes of problems, 

necessitating the development of robust numerical methods that can provide accurate approximations for general ordinary 

differential equations [3]. High-order numerical methods have emerged as powerful computational tools capable of achieving 

superior accuracy with reduced computational effort compared to their low-order counterparts [4, 5]. 

The evolution of numerical methods for ordinary differential equations has been driven by increasing demands for precision in 

scientific computing, particularly in applications where small errors can accumulate and significantly affect long-time behavior 
[6]. Modern computational challenges in engineering and physics require methods that not only produce accurate solutions but  
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also maintain stability over extended integration intervals and 

adapt efficiently to varying problem characteristics [7, 8]. 

 

1.2. Importance of Stability and Convergence Analysis 

Stability analysis provides essential theoretical foundations 

for understanding how numerical methods propagate errors 

and maintain solution boundedness [9]. A numerically stable 

method ensures that small perturbations in initial conditions 

or roundoff errors do not grow uncontrollably during 

computation [10]. Convergence analysis establishes conditions 

under which numerical solutions approach exact solutions as 

discretization parameters are refined [11]. These theoretical 

concepts are intrinsically connected through the fundamental 

Lax Equivalence Theorem, which states that for consistent 

methods applied to well-posed linear problems, stability is 

necessary and sufficient for convergence [12]. 

 

1.3. Scope and Objectives 

This article provides a comprehensive examination of high-

order numerical methods for ordinary differential equations, 

emphasizing mathematical rigor in stability and convergence 

analysis while addressing practical computational efficiency 

considerations. The objectives include systematic 

categorization of high-order techniques, detailed error 

analysis frameworks, exploration of application domains, and 

identification of emerging research directions that will shape 

future developments in numerical analysis and computational 

mathematics. 

 

2. High-Order Numerical Methods for Ordinary 

Differential Equations 

2.1. Finite Difference and Runge–Kutta Methods 

Finite difference methods approximate derivatives using 

discrete function values at grid points, with high-order 

schemes employing extended stencils to achieve improved 

accuracy [13]. The Taylor series expansion provides the 

theoretical basis for deriving finite difference formulas of 

arbitrary order, though practical implementations must 

balance accuracy gains against increased computational 

complexity and reduced stability regions [14]. 

Runge–Kutta methods represent a class of single-step 

techniques that achieve high-order accuracy without 

requiring derivative evaluations beyond the original 

differential equation [15]. Classical fourth-order Runge–Kutta 

methods have become standard tools in scientific computing 

due to their optimal balance of accuracy and computational 

efficiency [16]. Higher-order Runge–Kutta schemes, including 

fifth-order and sixth-order variants, are employed in 

applications demanding exceptional precision [17]. The 

Butcher tableau formalism provides a unified framework for 

representing and analyzing Runge–Kutta methods, 

facilitating systematic investigation of their order conditions 

and stability properties [18]. 

 

2.2. Multistep Methods and Linear Multistep Formulas 

Linear multistep methods utilize information from multiple 

previous time steps to construct high-order approximations, 

offering computational advantages when function 

evaluations are expensive [19]. Adams methods, including 

explicit Adams–Bashforth and implicit Adams–Moulton 

formulas, achieve high-order accuracy through polynomial 

interpolation or extrapolation of the derivative function [20]. 

Backward differentiation formulas provide excellent stability 

properties for stiff differential equations, though their 

applicability is limited by stability constraints that restrict the 

maximum achievable order [21]. 

The characterization of multistep methods through their 

characteristic polynomials enables rigorous stability analysis 

using root condition criteria [22]. High-order multistep 

methods require careful initialization procedures and special 

treatment near integration boundaries, introducing practical 

complications not present in single-step approaches [23]. 

 

2.3. Spectral and Pseudospectral Techniques 

Spectral methods represent solutions as expansions in global 

basis functions, typically orthogonal polynomials or 

trigonometric functions, achieving exponential convergence 

rates for sufficiently smooth problems [24]. Chebyshev 

spectral methods employ Chebyshev polynomials to 

approximate solutions, leveraging the favorable 

approximation properties of these basis functions and the 

availability of efficient transform algorithms [25]. 

Pseudospectral collocation methods evaluate differential 

equations at specific collocation points, transforming the 

continuous problem into a discrete algebraic system [26]. 

The spectral accuracy of these methods makes them 

particularly attractive for problems requiring very high 

precision over moderate integration intervals. However, 

spectral methods exhibit reduced efficiency for problems 

with discontinuities or sharp gradients, where local 

refinement strategies become necessary [27]. 

 

3. Mathematical Modeling and Error Analysis 

3.1. Model Formulation and Problem Classification 

Consider the general initial value problem for ordinary 

differential equations expressed in the form dy/dt = f(t,y) with 

initial condition y(t₀) = y₀, where y represents the solution 

vector, t denotes the independent variable, and f encapsulates 

the system dynamics [28]. The mathematical properties of f, 

including smoothness, Lipschitz continuity, and 

monotonicity characteristics, fundamentally influence the 

behavior of numerical methods and the achievable accuracy 
[29]. 

Problem classification based on stiffness characteristics 

significantly impacts method selection and performance. 

Stiff differential equations exhibit solution components with 

vastly different time scales, requiring implicit methods with 

superior stability properties to avoid prohibitively small time 

steps [30]. Non-stiff problems generally benefit from explicit 

methods that avoid the computational overhead of solving 

nonlinear algebraic systems at each time step [31]. 

 

3.2. Stability Theory and Absolute Stability Regions 

Stability analysis for numerical methods typically employs 

the Dahlquist test equation dy/dt = λy, where λ is a complex 

parameter characterizing the linearized system behavior [32]. 

The absolute stability region in the complex plane identifies 

values of the product hλ, where h represents the step size, for 

which the numerical method produces bounded solutions [33]. 

High-order methods generally possess smaller stability 

regions compared to low-order schemes, creating tension 

between accuracy and stability requirements [34]. 

A-stability, a stringent stability property requiring that the 

entire left half-plane be contained in the stability region, is 
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achievable only for implicit methods and is limited to second 

order for linear multistep methods according to the second 

Dahlquist barrier [35]. L-stability, a stronger condition 

ensuring rapid damping of spurious high-frequency 

components, is crucial for stiff problem integration [36]. 

 

3.3. Convergence Analysis and Order Conditions 

The order of accuracy p of a numerical method quantifies 

how the global error decreases as the step size h is reduced, 

specifically that the global error behaves as O(h^p) [37]. 

Deriving order conditions for high-order methods involves 

matching Taylor series expansions of the numerical solution 

and exact solution to sufficient terms [38]. For Runge–Kutta 

methods, order conditions become increasingly complex as 

the desired order increases, with the number of conditions 

growing rapidly while the number of free parameters in the 

method's coefficient structure grows more slowly [39]. 

Local truncation error, representing the error introduced in a 

single step assuming previous values are exact, serves as a 

fundamental tool in convergence analysis [40]. The 

relationship between local and global errors depends on the 

Lipschitz constant of the differential equation, with 

accumulation of local errors over the integration interval 

determining global accuracy [41]. 

 

3.4. Error Estimation and Adaptive Strategies 

Effective error estimation mechanisms enable adaptive step 

size control, optimizing computational efficiency while 

maintaining prescribed accuracy tolerances [42]. Embedded 

Runge–Kutta pairs employ two methods of different orders 

sharing common function evaluations, with the difference 

between their results providing an error estimate at minimal 

additional cost [43]. The widely-used Dormand–Prince 

method exemplifies this approach, combining fifth-order and 

fourth-order formulas with carefully optimized coefficients 
[44]. 

Richardson extrapolation provides an alternative error 

estimation framework, utilizing solutions computed with 

different step sizes to extract higher-order accuracy estimates 

and assess discretization errors [45]. Defect-based error 

estimators evaluate the residual when the numerical solution 

is substituted into the original differential equation, providing 

local error indicators useful for adaptive refinement. 

 

4. Applications of High-Order Numerical Methods 

4.1. Engineering Systems and Structural Dynamics 

High-order numerical methods find extensive application in 

engineering systems where accurate long-time integration is 

essential for predicting system behavior. Structural dynamics 

problems involving vibration analysis, earthquake response 

simulation, and rotor dynamics require methods that preserve 

energy and momentum properties over extended time scales. 

The interaction between spatial discretization in finite 

element methods and temporal discretization for the resulting 

ordinary differential equation systems necessitates careful 

coordination to achieve overall high-order accuracy. 

Multibody dynamics simulations in mechanical engineering 

employ differential-algebraic equation formulations that 

combine ordinary differential equations with algebraic 

constraints, requiring specialized high-order methods capable 

of maintaining constraint satisfaction. Aerospace 

applications including trajectory optimization and guidance  

system design demand exceptional precision in numerical 

integration to ensure mission success and safety. 

 

4.2. Physical Systems and Dynamical Modeling 

Physical systems governed by ordinary differential equations 

span diverse phenomena including celestial mechanics, fluid-

structure interaction, and electromagnetic field dynamics. N-

body gravitational simulations require symplectic integrators 

that preserve the Hamiltonian structure of the underlying 

equations, ensuring long-time stability and physical fidelity. 

High-order symplectic methods combine the accuracy 

benefits of elevated order with the geometric properties 

necessary for faithful representation of conservative systems. 

Chemical kinetics models describing reaction networks often 

exhibit stiffness due to widely varying reaction rate constants, 

necessitating implicit high-order methods with robust 

stability characteristics. Climate modeling and atmospheric 

dynamics applications utilize ordinary differential equation 

systems arising from spatial discretization of partial 

differential equations, where high-order time integration 

complements high-order spatial approximations. 

 

4.3. Control Systems and Optimization Problems 

Control system design and analysis frequently require solving 

ordinary differential equations representing plant dynamics, 

controller equations, and observer systems. High-order 

methods enable accurate sensitivity analysis and gradient 

computation for optimization-based control design, where 

precise derivatives with respect to parameters are essential. 

Model predictive control applications solve sequences of 

optimal control problems requiring repeated numerical 

integration, making computational efficiency of high-order 

methods particularly valuable. 

Trajectory optimization problems in robotics and 

autonomous systems employ direct transcription methods 

that discretize continuous-time optimal control problems into 

nonlinear programming formulations. High-order collocation 

schemes provide accurate state and control approximations 

while maintaining computational tractability for real-time 

applications. 

 

4.4. Data-Driven and Computational Modeling 

The integration of data-driven techniques with traditional 

numerical methods represents an emerging application area 

where high-order schemes play crucial roles. Physics-

informed neural networks combine differential equation 

constraints with data-driven learning, requiring accurate 

numerical integration during training and inference phases. 

System identification procedures estimate differential 

equation models from experimental data, with high-order 

integration methods ensuring that discrepancies between 

model predictions and observations reflect genuine modeling 

errors rather than numerical artifacts. 

Uncertainty quantification in computational science employs 

ensemble-based methods that propagate probability 

distributions through differential equation models, 

demanding efficient high-order solvers capable of handling 

numerous realizations. Reduced-order modeling techniques 

project high-dimensional ordinary differential equation 

systems onto lower-dimensional subspaces, with projection 

errors interacting with temporal discretization errors in ways 

that require careful analysis. 
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5. Challenges and Future Research Directions 

5.1. Current Limitations and Open Problems 

Despite significant advances in high-order numerical 

methods, several fundamental challenges remain unresolved. 

The development of A-stable high-order explicit methods 

remains impossible according to theoretical barriers, limiting 

options for non-stiff problems requiring large stability 

regions. Adaptive mesh refinement strategies for ordinary 

differential equations lack the mature theoretical foundations 

available for partial differential equations, complicating error 

estimation and refinement decisions. 

Parallel-in-time integration methods seek to exploit modern 

computational architectures but face mathematical obstacles 

related to the sequential nature of time evolution. High-order 

methods for differential-algebraic equations encounter 

difficulties maintaining both numerical accuracy and 

constraint satisfaction simultaneously. 

 

5.2. Structure-Preserving Algorithms 

Geometric numerical integration emphasizes development of 

methods that preserve important structural properties of 

differential equations including symplectic structure, energy, 

momentum, and volume. High-order structure-preserving 

methods remain active research topics, as standard 

approaches for achieving geometric properties often conflict 

with techniques for attaining high-order accuracy. Energy-

preserving methods for Hamiltonian systems and methods 

preserving Lyapunov functions for dissipative systems 

represent important special cases requiring continued 

investigation. 

 

5.3. Machine Learning Integration 

The intersection of machine learning and numerical analysis 

offers promising directions for enhancing high-order 

methods. Neural networks can learn optimal step size 

selection strategies from data, potentially outperforming 

traditional error-based controllers. Learned preconditioners 

for implicit methods may reduce computational costs while 

maintaining stability and accuracy. Discovery of new 

numerical methods through automated search procedures 

guided by machine learning represents a frontier area with 

substantial potential. 

 

5.4. Extreme-Scale Computing 

Exascale and post-exascale computing environments present 

both opportunities and challenges for high-order numerical 

methods. Methods must be redesigned to minimize 

communication costs and maximize arithmetic intensity to 

achieve performance on massively parallel architectures. 

Fault tolerance becomes increasingly important as system 

sizes grow, requiring methods capable of detecting and 

recovering from computational errors. 

 

6. Tables 

 
Table 1: Comparison of high-order numerical methods for ordinary differential equations and their application domains 

 

Method Class Representative Schemes 
Typical 

Order Range 
Primary Application Domains Key Characteristics 

Runge–Kutta 
Classical RK4, Dormand–

Prince, Fehlberg 
4–8 

General-purpose integration, non-

stiff systems, embedded systems 

Self-starting, no derivative evaluations, 

embedded error estimation available 

Linear Multistep 
Adams–Bashforth, 

Adams–Moulton, BDF 
3–12 

Long-time integration, expensive 

function evaluations, stiff systems 

Memory efficient, require startup procedure, 

excellent for smooth problems 

Spectral Methods 
Chebyshev collocation, 

Legendre–Gauss 
10–50+ 

High-precision requirements, 

smooth solutions, periodic 

problems 

Exponential convergence for smooth data, 

global approximation, sensitive to 

discontinuities 

Symplectic 

Methods 

Störmer–Verlet, Gauss–

Legendre 
2–8 

Hamiltonian systems, celestial 

mechanics, molecular dynamics 

Preserve phase space structure, excellent 

long-time behavior, conservative systems 

Exponential 

Integrators 

Exponential Runge–Kutta, 

ETD schemes 
2–6 

Stiff linear parts, semi-linear 

problems, reaction-diffusion 

Exploit analytical treatment of linear 

operators, reduced stiffness sensitivity 

Table 2: Stability, convergence, error behavior, and computational efficiency of high-order numerical techniques 
 

Method Type Stability Region Size A-Stability Convergence Rate 
Local Error 

Scaling 

Computational Cost 

per Step 

Parallelization 

Potential 

Explicit RK 

(order 4–5) 
Moderate, bounded No 

O(h^p) where p=4–

5 
O(h^(p+1)) 

Moderate, 6–10 

function evaluations 

High for function 

evaluation 

Implicit RK 

(order 4–8) 
Large to unbounded Yes for some 

O(h^p) where p=4–

8 
O(h^(p+1)) 

High, requires 

nonlinear solves 

Moderate, internal 

stages coupled 

Adams–

Bashforth 

(explicit) 

Decreases with order No 
O(h^p) where p=3–

12 
O(h^(p+1)) 

Low, single function 

evaluation 

High for evaluation 

phase 

Adams–

Moulton 

(implicit) 

Larger than AB No 
O(h^p) where p=3–

12 
O(h^(p+1)) 

Moderate with 

predictor-corrector 

Moderate for 

iteration 

BDF (orders 1–

6) 
Good for stiff problems A(α)-stable 

O(h^p) where p=1–

6 
O(h^(p+1)) High for stiff systems 

Moderate for linear 

solves 

Spectral 

Collocation 

Unconditionally stable 

for appropriate 

discretization 

Problem-

dependent 

Exponential for 

smooth solutions 

Exponentially small 

with resolution 

Very high for dense 

systems 
Moderate to low 
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7. Conclusion 

High-order numerical methods for ordinary differential 

equations represent mature yet continually evolving tools 

essential for computational science and engineering 

applications. This article has examined the mathematical 

foundations of these methods, including stability analysis, 

convergence theory, and error estimation frameworks that 

govern their behavior and performance. The comprehensive 

review of finite difference, Runge–Kutta, multistep, and 

spectral approaches demonstrates the rich variety of 

techniques available for different problem classes and 

application requirements. 

Error analysis emerges as a central theme connecting 

theoretical properties with practical performance, providing 

quantitative measures of accuracy and enabling adaptive 

strategies that optimize computational efficiency. The 

applications surveyed across engineering systems, physical 

modeling, control problems, and data-driven frameworks 

illustrate the broad impact of high-order methods on 

scientific computing. Tables 1 and 2 provide systematic 

comparisons of method characteristics and performance 

attributes to guide method selection for specific applications. 

Future research directions emphasize integration with 

machine learning, development of structure-preserving high-

order schemes, and adaptation to emerging computational 

architectures. As computational demands continue to grow in 

complexity and scale, high-order numerical methods will 

remain indispensable tools, requiring ongoing theoretical 

development and algorithmic innovation to meet evolving 

challenges in applied mathematics and computational 

science. 

 

8. References 

1. Hairer E, Nørsett SP, Wanner G. Solving ordinary 

differential equations I: nonstiff problems. 2nd ed. 

Berlin: Springer-Verlag; 1993. 

2. Butcher JC. Numerical methods for ordinary differential 

equations. 3rd ed. Chichester: John Wiley & Sons; 2016. 

3. Ascher UM, Petzold LR. Computer methods for ordinary 

differential equations and differential-algebraic 

equations. Philadelphia: SIAM; 1998. 

4. Sandu A, Günther M, Carmichael GR. On the properties 

of Runge–Kutta discrete adjoints. Lect Notes Comput 

Sci Eng. 2006;50:550–557. 

5. Kennedy CA, Carpenter MH. Diagonally implicit 

Runge–Kutta methods for ordinary differential 

equations: a review. NASA Tech Memo. 

2016;NASA/TM-2016-219173. 

6. Lambert JD. Numerical methods for ordinary differential 

systems: the initial value problem. Chichester: John 

Wiley & Sons; 1991. 

7. Higham DJ. The tolerance proportionality of adaptive 

ODE solvers. J Comput Appl Math. 1993;45(1–2):227–

236. 

8. Süli E, Mayers DF. An introduction to numerical 

analysis. Cambridge: Cambridge University Press; 2003. 

9. Dahlquist G. A special stability problem for linear 

multistep methods. BIT Numer Math. 1963;3(1):27–43. 

10. Iserles A. A first course in the numerical analysis of 

differential equations. 2nd ed. Cambridge: Cambridge 

University Press; 2009. 

11. Henrici P. Discrete variable methods in ordinary 

differential equations. New York: John Wiley & Sons; 

1962. 

12. Lax PD, Richtmyer RD. Survey of the stability of linear 

finite difference equations. Commun Pure Appl Math. 

1956;9(2):267–293. 

13. Fornberg B. Generation of finite difference formulas on 

arbitrarily spaced grids. Math Comput. 

1988;51(184):699–706. 

14. Gear CW. Numerical initial value problems in ordinary 

differential equations. Englewood Cliffs (NJ): Prentice-

Hall; 1971. 

15. Kutta W. Beitrag zur näherungsweisen Integration 

totaler Differentialgleichungen. Z Math Phys. 

1901;46:435–453. 

16. Runge C. Über die numerische Auflösung von 

Differentialgleichungen. Math Ann. 1895;46(2):167–

178. 

17. Butcher JC. On Runge–Kutta processes of high order. J 

Aust Math Soc. 1964;4(2):179–194. 

18. Butcher JC. Implicit Runge–Kutta processes. Math 

Comput. 1964;18(85):50–64. 

19. Hairer E, Wanner G. Solving ordinary differential 

equations II: stiff and differential-algebraic problems. 

2nd ed. Berlin: Springer-Verlag; 1996. 

20. Jackson KR, Nørsett SP. The potential for parallelism in 

Runge–Kutta methods. Part 1: RK formulas in standard 

form. SIAM J Numer Anal. 1995;32(1):49–82. 

21. Curtiss CF, Hirschfelder JO. Integration of stiff 

equations. Proc Natl Acad Sci U S A. 1952;38(3):235–

243. 

22. Dahlquist G. Convergence and stability in the numerical 

integration of ordinary differential equations. Math 

Scand. 1956;4:33–53. 

23. Shampine LF, Gordon MK. Computer solution of 

ordinary differential equations: the initial value problem. 

San Francisco: W.H. Freeman; 1975. 

24. Trefethen LN. Spectral methods in MATLAB. 

Philadelphia: SIAM; 2000. 

25. Boyd JP. Chebyshev and Fourier spectral methods. 2nd 

ed. Mineola (NY): Dover Publications; 2001. 

26. Canuto C, Hussaini MY, Quarteroni A, Zang TA. 

Spectral methods: fundamentals in single domains. 

Berlin: Springer-Verlag; 2006. 

27. Gottlieb D, Orszag SA. Numerical analysis of spectral 

methods: theory and applications. Philadelphia: SIAM; 

1977. 

28. Coddington EA, Levinson N. Theory of ordinary 

differential equations. New York: McGraw-Hill; 1955. 

29. Griffiths DF, Higham DJ. Numerical methods for 

ordinary differential equations: initial value problems. 

London: Springer-Verlag; 2010. 

30. Verwer JG, Sommeijer BP. An implicit-explicit Runge–

Kutta–Chebyshev scheme for diffusion–reaction 

equations. SIAM J Sci Comput. 2004;25(5):1824–1835. 

31. Wanner G, Hairer E. Solving ordinary differential 

equations II: stiff and differential-algebraic problems. 

2nd rev ed. Berlin: Springer-Verlag; 2010. 

32. Dahlquist G. On accuracy and unconditional stability of 

linear multistep methods for second order differential 

equations. BIT Numer Math. 1978;18(2):133–136. 

33. Lambert JD. Computational methods in ordinary 

differential equations. London: John Wiley & Sons; 

1973. 

34. Dekker K, Verwer JG. Stability of Runge–Kutta 

http://www.mathresearchjournal.com/


International Journal of Applied Mathematics and Numerical Research  www.mathresearchjournal.com   

 
 

    29 | P a g e  

 

methods for stiff nonlinear differential equations. 

Amsterdam: North-Holland; 1984. 

35. Dahlquist G. Error analysis for a class of methods for 

stiff nonlinear initial value problems. Lect Notes Math. 

1976;506:60–72. 

36. Ehle BL. On Padé approximations to the exponential 

function and A-stable methods for the numerical solution 

of initial value problems. Res Rep CSRR 2010. Ontario: 

University of Waterloo; 1969. 

37. Stetter HJ. Analysis of discretization methods for 

ordinary differential equations. Berlin: Springer-Verlag; 

1973. 

38. Hairer E, Lubich C, Wanner G. Geometric numerical 

integration: structure-preserving algorithms for ordinary 

differential equations. 2nd ed. Berlin: Springer-Verlag; 

2006. 

39. Butcher JC. The numerical analysis of ordinary 

differential equations: Runge–Kutta and general linear 

methods. Chichester: John Wiley & Sons; 1987. 

40. Gear CW. The automatic integration of ordinary 

differential equations. Commun ACM. 1971;14(3):176–

179. 

41. Hall G, Watt JM. Modern numerical methods for 

ordinary differential equations. Oxford: Clarendon 

Press; 1976. 

42. Shampine LF. Error estimation and control for ODEs. J 

Sci Comput. 2005;25(1):3–16. 

43. Dormand JR, Prince PJ. A family of embedded Runge–

Kutta formulae. J Comput Appl Math. 1980;6(1):19–26. 

44. Dormand JR, Prince PJ. A reconsideration of some 

embedded Runge–Kutta formulae. J Comput Appl Math. 

1986;15(2):203–211. 

45. Richardson LF. The approximate arithmetical solution 

by finite differences of physical problems involving 

differential equations. Philos Trans R Soc Lond A. 

1911;210:307–357. 

 

How to Cite This Article   

Ricciardi A, Caldwell BT. Stability, convergence, and error 

analysis of high-order numerical methods for ordinary 

differential equations: computational efficiency and 

advanced applications in engineering and physical systems. 

Int J Appl Math Numer Res. 2026;2(1):24–29. 

 

Creative Commons (CC) License   

This is an open access journal, and articles are distributed  

under the terms of the Creative Commons Attribution  

NonCommercial-ShareAlike 4.0 International (CC BY-NC  

SA 4.0) License, which allows others to remix, tweak, and  

build upon the work non-commercially, as long as  

appropriate credit is given and the new creations are licensed  

under the identical terms. 

 

 

http://www.mathresearchjournal.com/

