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The translation of mathematical theory into reliable computational practice represents
. a central challenge in applied mathematics, requiring rigorous attention to stability,
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Page No: 14-20 progresses to advanced computational techniques including mesh-free methods,

multigrid solvers, and adaptive strategies that address the limitations of traditional
approaches when confronted with complex geometries or multiscale phenomena.
Central to the review is a rigorous treatment of stability and convergence theory,
encompassing the Lax equivalence theorem for linear problems, energy methods for
parabolic and hyperbolic systems, and nonlinear stability concepts including entropy
conditions and monotonicity preservation. Error estimation frameworks—both a priori
and posteriori—are examined in the context of adaptive refinement and solution
verification. Computational efficiency considerations spanning sparse matrix
technologies, preconditioning techniques, and parallel algorithms are analyzed for
their impact on large-scale simulation capability. Applications in structural mechanics,
fluid dynamics, and computational science illustrate the practical realization of these
theoretical constructs. The review concludes by identifying persistent challenges and
emerging directions, including multiscale coupling, uncertainty quantification, and
structure-preserving algorithms that define the frontier of numerical innovation in
applied mathematics.
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1. Introduction

The enterprise of applied mathematics occupies a unique intellectual territory wherein abstract mathematical structures are
forged into tools for understanding, predicting, and controlling physical reality. This translational function has assumed
unprecedented importance in an era when computational simulation stands alongside theory and experiment as a fundamental
mode of scientific inquiry ! 2. The fidelity of such simulations, however, depends critically upon the rigorous mathematical
foundations that underpin numerical methods—foundations that guarantee the approximate solutions produced by computers

14|Page


http://www.mathresearchjournal.com/

International Journal of Applied Mathematics and Numerical Research

bear a quantifiable relationship to the exact solutions of the
governing equations 3,

The conceptual architecture of numerical analysis rests upon
three pillars: consistency, which ensures that the discretized
equations approximate the continuous problem; stability,
which guarantees that perturbations remain bounded
throughout the computation; and convergence, which assures
that the numerical solution approaches the true solution as
discretization parameters are refined ® S For linear
problems, the Lax equivalence theorem crystallizes the
relationship among these concepts, establishing that
consistency and stability are necessary and sufficient for
convergence [°. For nonlinear problems, the theoretical
landscape becomes more complex, demanding sophisticated
analytical tools including energy estimates, monotonicity
arguments, and concepts of nonlinear stability such as total
variation diminishing (TVD) and entropy stability [>%I,
Parallel to these theoretical developments, the imperative of
computational efficiency has emerged as a dominant theme
in contemporary numerical analysis. The scale of problems
now routinely addressed—involving millions or billions of
degrees of freedom—mandates algorithms that not only
converge but do so with optimal complexity and minimal
resource consumption > !%. This has driven innovations in
sparse matrix technologies, preconditioning techniques,
adaptive mesh refinement, and parallel computing
architectures, all while maintaining rigorous control over
solution accuracy. The present article examines these
interconnected themes, tracing the arc from fundamental
numerical principles through advanced algorithmic strategies
to their realization in applied scientific computation across
engineering and physical sciences.

2. Theoretical Foundations of Numerical Methods

2.1. Finite Difference and Finite Element Frameworks
Finite difference methods represent the most historically
venerable approach to numerical discretization, replacing
differential operators with difference quotients on structured
grids. For time-dependent problems, the method of lines
separates spatial and temporal discretization, enabling the
application of sophisticated ordinary differential equation
solvers to the resulting semi-discrete system ['!l. Von
Neumann stability analysis provides a powerful tool for
linear problems with constant coefficients, yielding
necessary conditions such as the Courant—Friedrichs—Lewy
(CFL) condition for hyperbolic equations ['> 131, For parabolic
problems, implicit methods circumvent restrictive stability
constraints at the cost of solving linear systems at each time
step, a trade-off that becomes increasingly favorable as mesh
resolution increases 14,

Finite element methods adopt a fundamentally different
philosophy grounded in variational principles. The weak
formulation of the governing equations seeks solutions in
Sobolev spaces, with the discrete approximation constructed
from piecewise polynomial spaces defined on unstructured
meshes !> 11, For elliptic problems, coercivity guarantees
stability in the energy norm through the Lax—Milgram
lemma, while for mixed formulations arising in
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incompressible flow or elasticity, the inf-sup condition must
be satisfied to ensure well-posedness of the discrete problem
[17, 18]

The Galerkin orthogonality property, wherein the error is
orthogonal to the approximation space, provides a powerful

tool for both a priori error analysis and a posteriori estimation
[19]

2.2. Spectral and High-Order Methods

When solutions possess sufficient smoothness, spectral
methods offer the prospect of exponential convergence—a
convergence rate so rapid that it fundamentally alters the
economics of computation. These methods represent the
solution as an expansion in global basis functions, typically
orthogonal polynomials (Chebyshev, Legendre) or
trigonometric functions, with the truncation parameter
determining approximation accuracy % 2!, For problems
with analytic solutions, the error decays faster than any finite
power of the resolution, a property known as spectral
accuracy that enables dramatic reductions in degrees of
freedom compared to low-order methods 221,

The practical implementation of spectral methods raises
distinct stability considerations. Galerkin spectral methods
inherit the stability properties of the underlying variational
formulation when the basis functions satisfy the boundary
conditions exactly. Collocation methods, which enforce the
differential equation at discrete points, require careful
treatment of boundary conditions and aliasing errors arising
from nonlinear terms 1. The spectral element method
combines the geometric flexibility of finite elements with the
high-order accuracy of spectral methods, partitioning the
domain into elements within which tensor-product
polynomial expansions are employed 241,

2.3. Mesh-Free and Hybrid Computational Approaches
The limitations of classical methods when confronted with
moving boundaries, large deformations, or solution
singularities have motivated the development of alternative
discretization paradigms. Mesh-free methods, including
smoothed particle hydrodynamics (SPH), element-free
Galerkin methods, and reproducing kernel particle methods,
construct approximations solely from nodal information
without explicit connectivity > 261, These methods offer
advantages for problems involving extreme deformations,
fragmentation, or free surfaces, but introduce their own
stability challenges requiring careful treatment of integration
errors, boundary conditions, and tension instabilities 7],
Partition of unity methods provide a unifying mathematical
framework for many mesh-free and hybrid approaches,
enriching approximation spaces with functions that capture
local solution features such as singularities or discontinuities
(28] The extended finite element method (XFEM) applies this
principle within the finite element context, enabling crack
propagation simulations without remeshing through the
addition of enrichment functions that represent displacement
jumps 1. Adaptive discretization strategies dynamically
adjust both mesh resolution and approximation order based
on a posteriori error indicator, concentrating computational
resources where they are most needed 3%,
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3. Mathematical Modeling and Stability Analysis

3.1. Model Formulation in Engineering and Physical
Systems

The translation of physical phenomena into mathematical
language proceeds through the identification of governing
equations, constitutive relations, and auxiliary conditions that
render the problem well-posed. Conservation laws—of mass,
momentum, and energy—provide the universal framework
for continuum mechanics, while variational principles
underlie much of solid mechanics and optimization. The
choice between strong and weak formulations carries
profound implications for both analysis and computation:
strong forms express the governing equations pointwise and
demand classical differentiability, while weak forms require
only integrability and naturally accommodate discontinuities
and singular sources.

Boundary and initial conditions complete the mathematical
specification, determining the solution uniquely when
properly posed. The classification of boundary conditions
into Dirichlet, Neumann, and Robin types reflects the
structure of the underlying differential operator, while the
treatment of unbounded domains often requires absorbing
boundary conditions or perfectly matched layers to prevent
spurious reflections. Interface conditions connecting distinct
physical regimes in coupled problems introduce additional
complexity, demanding careful attention to the transmission
of fluxes and continuity requirements across subdomain
boundaries.

3.2. Stability and Convergence Theory

The stability of numerical methods encompasses a spectrum
of concepts ranging from elementary zero-stability for initial
value problems to sophisticated notions of nonlinear stability
for systems with conserved quantities. For linear multistep
methods, the Dahlquist equivalence theorem establishes that
consistency and zero-stability are necessary and sufficient for
convergence, with the order of convergence determined by
the method's order of accuracy. For stiff problems, where
disparate time scales demand implicit treatment, the concept
of A-stability becomes paramount, characterizing methods
whose stability regions contain the entire left half-plane.
Energy methods offer a versatile approach to stability
analysis for partial differential equations, constructing
discrete analogues of continuous energy estimates. By
multiplying the governing equation by the solution and
integrating, one obtains an energy identity that bounds the
solution norm in terms of initial data and forcing. Discrete
versions of this procedure, employing summation by parts
and appropriate boundary treatments, yield stability
conditions that parallel the continuous analysis. For nonlinear
conservation laws, entropy stability conditions ensure that
numerical solutions satisfy a discrete entropy inequality,
providing a powerful nonlinear stability concept that
precludes unphysical solutions [,

3.3. Error Estimation and Accuracy

The gap between exact and approximate solutions admits
quantification through error estimates that guide both method
selection and mesh design. A priori error estimates express
the error bound in terms of the exact solution's regularity and
discretization parameters, providing asymptotic convergence
rates without requiring computation of the numerical
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solution. For finite element methods applied to elliptic
problems, the Céa lemma reduces error estimation to
approximation theory, yielding estimates of the
form llu—uhlI<Chkllullk+1lu—uhlI<Chkllullk+1 for solutions
in the Sobolev space Hk+1Hk+1 [1619],

A posteriori error estimates, in contrast, are computed from
the numerical solution itself and provide practical error
indicators suitable for adaptive refinement. Residual-based
estimators evaluate the strong-form residual of the governing
equations, while recovery-based estimators compare the
computed solution with a post-processed approximation of
higher accuracy. The equivalence between these estimators
and the true error, up to constants independent of mesh size,
justifies their use in driving adaptive algorithms. For time-
dependent problems, error estimation becomes more
complex, requiring careful treatment of error accumulation
and the interaction between spatial and temporal
discretizations.

4. Computational Implementation and Efficiency

4.1. Sparse Matrix Structures and Solvers

The discrete equations arising from numerical discretization
yield matrices whose structure reflects the underlying
connectivity of the computational mesh. For finite element
methods on unstructured grids, the matrix is sparse but
irregular, requiring specialized storage formats that minimize
memory footprint while enabling efficient matrix-vector
products. Compressed sparse row (CSR) and compressed
sparse column (CSC) formats store only non-zero entries
with their row and column indices, reducing storage
requirements from O(N2)O(N2) to O(Nnnz)O(Nnnz),
where NnnzNnnz denotes the number of nonzeros.

The solution of sparse linear systems represents the dominant
computational cost in many simulation codes. Direct methods
based on sparse Gaussian elimination provide robustness and
predictability but face memory limitations for three-
dimensional problems, where fill-in during factorization can
dramatically increase storage requirements. Iterative
methods, including the conjugate gradient method for
symmetric positive definite systems and the generalized
minimal residual (GMRES) method for nonsymmetric
problems, trade memory for computational effort through
matrix-vector  products.  Preconditioning  accelerates
convergence by transforming the original system into an
equivalent form with more favorable spectral properties, with
incomplete LU factorization, multigrid, and domain
decomposition representing widely used preconditioning
strategies.

4.2. Multigrid and Parallel Algorithms

Multigrid methods achieve asymptotically optimal
complexity for elliptic problems by operating on a hierarchy
of discretizations. Smoothing iterations on fine grids
eliminate high-frequency error components, while coarse-
grid correction addresses low-frequency errors that would
otherwise dominate convergence. Geometric multigrid
requires explicit grid hierarchies and transfer operators
between levels, while algebraic multigrid constructs coarse
operators from matrix entries alone—a crucial capability for
problems on unstructured meshes.

Domain decomposition methods partition the computational
domain into subdomains assigned to different processors,

16|Page


http://www.mathresearchjournal.com/

International Journal of Applied Mathematics and Numerical Research

with interface conditions transmitting information between
subdomains. Overlapping Schwarz methods enhance
robustness by extending subdomains to include neighboring
regions, at the cost of increased computational work and
communication. Balancing the computational load across
processors while minimizing communication overhead
requires careful partitioning strategies, often employing
graph partitioning algorithms that account for both
computational weight and communication volume [60].
Modern high-performance computing environments demand
algorithms that scale to thousands or millions of cores,
motivating the development of communication-avoiding
Krylov subspace methods and hybrid parallelization
strategies combining distributed and shared memory
parallelism.

4.3. Adaptive and Reduced-Order Modeling

Adaptive methods dynamically adjust discretization
parameters based on solution features, concentrating
computational resources where they are most needed.
Adaptive mesh refinement (AMR) modifies the spatial
discretization based on a posteriori error indicator, iteratively
refining the mesh where estimated error exceeds tolerance
thresholds. For time-dependent problems, adaptive time-
stepping methods adjust the temporal discretization based on
local error estimates, maintaining accuracy while minimizing
computational cost.

Reduced-order modeling techniques compress high-
dimensional solution manifolds into low-dimensional
representations, enabling rapid solution of parametrized
problems. Proper orthogonal decomposition (POD) extracts
dominant modes from snapshot ensembles, while reduced
basis methods construct approximation spaces through
greedy selection of parameter snapshots. The stability of
reduced-order models requires careful attention;
straightforward Galerkin projection may yield unstable
reduced systems even when the full-order discretization is
stable, motivating the development of stabilization
techniques and Petrov-Galerkin formulations that preserve
energy stability properties.

5. Applications in Scientific and Engineering Problems
5.1. Structural Mechanics and Elasticity

The analysis of deformable solids under load constitutes one
of the earliest and most successful applications of numerical
methods. Linear elasticity, governed by the Navier equations,
yields to finite element discretization with piecewise
polynomial approximations that respect the underlying
variational structure. The stability of such discretizations
follows from Korn's inequality, which guarantees coercivity
of the strain energy provided the approximation space
excludes spurious rigid-body modes. For problems involving
near-incompressibility, mixed formulations employing
separate approximations for displacements and pressure
circumvent volumetric locking, though they must satisfy the
inf-sup condition for stability.

Nonlinear elasticity and plasticity introduce incremental
solution procedures and careful treatment of constitutive
integration. Return-mapping algorithms project trial stress
states onto the yield surface while maintaining consistency
with the hardening laws, with stability ensured by the
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convexity of the elastic domain. Contact problems introduce
inequality constraints that transform the governing equations
into variational inequalities, requiring specialized solution
techniques such as augmented Lagrangian methods or mortar
finite elements that maintain optimal convergence rates
across non-conforming interfaces.

5.2. Fluid Dynamics and Heat Transfer

The Navier—Stokes equations, governing the motion of
viscous fluids, present formidable challenges for numerical
methods due to their nonlinear convective terms,
incompressibility constraint, and multiscale nature. The
discretization of these equations must address two distinct
stability issues: the convective instability that arises when
grid Reynolds numbers exceed unity, and the pressure
instability that occurs when velocity and pressure
approximations are improperly matched. Stabilized finite
element methods, including streamline upwind/Petrov-
Galerkin (SUPG) formulations and variational multiscale
methods, add consistent artificial diffusion that enhances
stability without compromising accuracy.

For incompressible flows, the choice of velocity-pressure
approximation spaces must satisfy the inf-sup condition to
avoid spurious pressure modes. The Taylor-Hood family of
elements, employing continuous piecewise quadratic
velocities and linear pressures, represents a classic choice that
fulfills this requirement. Spectral element methods extend
these ideas to high order, achieving exponential convergence
for smooth flows while maintaining the geometric flexibility
of finite elements for complex domains 4.

Heat transfer problems governed by the convection-diffusion
equation exhibit similar stability challenges when convection
dominates. Standard Galerkin approximations produce
oscillatory solutions in convection-dominated regimes,
motivating the use of upwinding techniques or discontinuous
Galerkin methods that incorporate the physics of information
propagation. The stability analysis of such methods often
proceeds through maximum principles or discrete energy
estimates that reflect the underlying physics.

5.3. Computational Systems and Large-Scale Simulation

Large-scale scientific computing relies heavily on numerical
linear algebra, particularly the solution of sparse linear
systems that arise from discretization. The scalability of
simulation codes on parallel architectures depends critically
on the balance between computation and communication,
with algorithms designed to minimize global synchronization
points and maximize local arithmetic intensity. Matrix-free
methods avoid explicit matrix assembly and storage, instead
computing matrix-vector products on-the-fly using the
underlying discretization, enabling the solution of problems
with billions of degrees of freedom on GPU-accelerated
supercomputers. The verification and validation of large-scale
simulations require systematic approaches to error estimation
and uncertainty quantification. Discretization error, iteration
error, and rounding error must be distinguished and
controlled, with a posteriori error

estimates providing quantitative bounds on solution
accuracy. For problems involving multiple interacting
physical processes, coupled solution strategies must balance
accuracy and efficiency while maintaining stability across the
coupled system.
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6. Challenges and Future Research Directions

Despite decades of progress, fundamental challenges persist
at the frontiers of numerical analysis. Multiscale and
multiphysics problems, wherein phenomena at disparate
scales interact nonlinearly, demand methods that bridge
scales without resolving the finest structures everywhere.
Heterogeneous multiscale methods and equation-free
approaches offer frameworks for coupling microscopic and
macroscopic descriptions, but rigorous error analysis and
stability guarantees remain active research areas.
Uncertainty quantification has emerged as an essential
component of predictive simulation, acknowledging that
model inputs—material properties, boundary conditions,
geometric tolerances—are never known precisely. Stochastic
finite element methods represent uncertain parameters as
random fields, propagating input variability through the

7. Tables
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governing equations to quantify output uncertainty. The
computational cost of such analyses grows rapidly with

the number of uncertain dimensions, motivating the
development of sparse grid quadrature, polynomial chaos
expansions, and dimension reduction techniques.
Structure-preserving algorithms that respect the geometric
and algebraic properties of continuous systems offer the
promise of improved long-time stability and physical fidelity.
Symplectic integrators for Hamiltonian systems preserve the
symplectic two-form, ensuring conservation of phase-space
volume and near-conservation of energy over exponentially
long times. Mimetic discretizations that preserve
fundamental identities such as the divergence theorem or
Stokes theorem extend these ideas to partial differential
equations, producing schemes that inherit the topological
structure of the continuous problem.

Table 1: Comparative Overview of Major Numerical Methods in Applied Mathematics

Method

Governing Principle

Stability Properties

Convergence Order

Application Domains

Finite Difference

Taylor series expansion,
difference quotients

CFL condition, von
Neumann analysis

O(hp)O(hp) with pp up to 4

Structured grids, wave
propagation, heat transfer

Finite Element

Variational formulation, weak
solutions

Coercivity, inf-sup
condition

O(hk+1)O(hk+1) for
degree kk elements

Complex geometries,
structural mechanics,
multiphysics

Spectral Methods

Global basis expansions
(polynomials/Fourier)

Eigenvalue analysis,
aliasing control

Exponential for smooth
solutions

Turbulence, quantum
mechanics, weather modeling

Finite Volume

Integral conservation laws

Flux limiting, TVD
stability

O(h)O(h) to O(h2)O(h2)

CFD, hyperbolic conservation
laws

Mesh-Free L Particle stability, Large deformations, fracture,
Methods Kernel approximations, RBF integration errors Problem-dependent free-surface flows
Discontinuous Element-wise polynomials, Upwinding, slope Wave propagation,
. K . + + .
Galerkin numerical fluxes limiting O(hk+1)OChk+1) for degree kk compressible flows, transport
Table 2: Stability and Convergence Characteristics of Discretization Techniques
Method TypeA(I)lng;:ils)lllty Convergence Behavior Error Estimation Type Mesh Dependency
Finite Difference von Ne;lln;te;llgii matrix Algebraic Truncation error analysis Strongly structured
Finite Element Energy method, inf-sup Algebraic (optimal in energy | Residual-based, recovery- Unstructured supported
norm) based
Spectral Elgenva!ue. analysis, Exponential Truncation error, aliasing Structured/tensor product
aliasing error
Finite Volume CFL C(S)g]l;itllﬁ;l’ VD Algebraic Flux differencing error Structured or unstructured
Mesh-Free Kernel Stabl!lty’ rank Algebraic or suboptimal Integrat.lon error, Nodal distribution dependent
condition consistency
Dlscontmyous Cell—w1s§ st.ablllty, Algebraic (optimal in 1.222) Residual-based, adjoint- Unstructured with elemental
Galerkin upwinding based refinement

Table 3: Computational Efficiency and Algorithmic Features of Numerical Methods

Matrix Structure Solver Type Memory Requirements Computational Complexity | Parallelization Capability
Dense (spectral) Direct (LU, QR) O(N2)O(N2) O(N3)O(N3) Moderate
Sparse (FE/FD) Direct sparse O(N1.5)O(N1.5) to O(N2)O(N2)O(N1.5)O(N1.5) to O(N2)O(N2) Limited by fill-in
Sparse (FE/FD) Ite(r}a;/ll\l;eE(SC)G, O(Nnnz)O(Nnnz) O(NiterNnnz)O(NiterNnnz) |Excellent (SpMV dominated)
Hierarchical . . Excellent with parallel
(multigrid) Geometric multigrid O(N)O(N) O(N)O(N) smoothers
Hierarchical . . .
(multigrid) Algebraic multigrid O(N)O(N) O(N)O(N) Good, setup costs significant
Block-structured Domain O(N)O(N) O(N)O(N) Excellent (weak scaling)
decomposition g
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Table 4: Strengths, Limitations, and Practical Considerations in Applied Numerical Modeling

Method Key Advantages Main Limitations Suitable Problem Classes |Implementation Challenges
Finite Difference Simple, efficient, well- Geometric inflexibility Regular domains, simple BCs Stencil genera?lon near
understood boundaries
Finite Element Geqmetric flexibility, Mesh generation overhead Complex geome.tries, variable| Mesh quality, quadrature
rigorous theory coefficients accuracy
Spectral Methods | Exponential convergence Geometry restrictions Smooth solutions, periodic Boupdary gqndltlon
problems imposition
. Conservative by Lower order accuracy on Conservation laws, Flux function selection,
Finite Volume . . - S
construction unstructured grids compressible flow limiters
Mesh-Free Methods [Handles large deformations Integration errors, boundary Moving boundaries, Kernel func'tion selection,
conditions fragmentation consistency
Discontingous High-order, .local Tncreased degrees of freedom Hyperbolic probl_ems, wave | Time step r.es'.[r.ictions, slope
Galerkin conservation propagation limiting
Multigrid Optimal complexity Hierarchy construction Elhptlc. problemg, implicit Grid transfer operators,
time-stepping smoothing
Reduced-Order Real-time simulation - Parametrized problems, Snapshot selection, basis
Models capability Stability of reduced system optimization construction
8. Conclusion 5. Stuart AM, Humphries AR. Dynamical systems and
The trajectory of numerical analysis over the past half- numerical analysis. Cambridge: Cambridge University
century reflects a persistent dialectic between mathematical Press; 1998.
rigor and computational pragmatism. Foundational 6. Lax PD, Richtmyer RD. Survey of the stability of linear
concepts—consistency, stability, convergence—continue to finite difference equations. Commun Pure Appl Math.
anchor the discipline, providing the theoretical assurance that 1956;9:267-293.
enables confident application of simulation in engineering 7. LeVeque RJ. Finite volume methods for hyperbolic
and scientific contexts. The Lax equivalence theorem, energy problems. Cambridge: Cambridge University Press;
estimates, and nonlinear stability criteria furnish the 2002.
analytical tools necessary to evaluate and certify numerical 8. Tadmor E. Entropy stability theory for difference
methods, ensuring that computational expedience does not approximations of nonlinear conservation laws and
compromise mathematical integrity. related time-dependent problems. Acta Numer.
Simultaneously, the demands of large-scale simulation have 2003;12:451-512.
driven algorithmic innovations that stretch the boundaries of 9. Demmel JW. Applied numerical linear algebra.
classical theory. Multigrid methods, adaptive refinement, Philadelphia: STAM; 1997.
domain decomposition, and high-order discretizations 10. Dongarra J, Sullivan F. Guest editors' introduction: the
achieve computational efficiencies that would have seemed top 10 algorithms. Comput Sci Eng. 2000;2(1):22-23.
miraculous to earlier generations of practitioners. The 11. Schiesser WE. The numerical method of lines:
integration of data-driven techniques with classical numerical integration of partial differential equations. San Diego:
analysis presents both opportunities and challenges, requiring Academic Press; 1991.
new theoretical frameworks that bridge statistical learning 12. Courant R, Friedrichs K, Lewy H. Uber die partiellen
theory and numerical analysis while maintaining the rigorous Differenzengleichungen der mathematischen Physik.
guarantees essential for scientific computing. Math Ann. 1928;100:32-74.
The common thread uniting these developments is the 13. Strikwerda JC. Finite difference schemes and partial
enduring importance of mathematical foundations: stability differential equations. 2nd ed. Philadelphia: SIAM;
analysis, error estimation, and convergence theory provide 2004.
the language in which new methods are conceived, analyzed, 14. Smith GD. Numerical solution of partial differential
and ultimately trusted. In this sense, the advancement of equations: finite difference methods. 3rd ed. Oxford:
numerical excellence remains, at its core, an exercise in Oxford University Press; 1985.
applied mathematics—an ongoing dialogue between abstract 15. Ciarlet PG. The finite element method for elliptic
theory and computational practice that continuously expands problems. Amsterdam: North-Holland; 1978.
the horizons of scientific and engineering possibility. 16. Brenner SC, Scott LR. The mathematical theory of finite
element methods. 3rd ed. New York: Springer; 2008.
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