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1. Introduction

Matrices are an essential life line in linear algebra and matrix theory. The elements of a matrix can be manipulated through
addition and multiplication or even be decomposed in various ways to decipher simple and intricate concepts.

The matrix completion problem concentrates on interrogating and determining whether or not a completion of a partial matrix
exists within a certain cluster of matrices. A desired type is arrived at by outlining descriptive characteristics and then choices

for the unspecified entries made from the same set so that the matrix thereof is the desired type. Let 7 denote a specified class
of matrices, a pattern is said to admit Y completion if every partial 7 _ matrix consistent with the pattern can be completed to a
full matrix in 7 .

Over the years matrix completion problems have been studied using graphs and digraphs. Extensively, graphs have

been utilized to research on Patterns that are positionally symmetric like the inverse M _matrices and P -matrices. Digraphs
(directed graphs), on the other hand, have been used for patterns without positional symmetry.

Matrix completion problems come into play whenever there are some missing parts of a given set of data but it is known that
the full matrix data must have given properties. Completion problems are experienced in a number of applications such as
Physics (recovering a quantum state from incomplete measurements), Statistics (entropy methods for missing data), Chemistry
(the molecular conformation problems) and equally within matrix theory (e.g. determinant inequalities). Moreover, completion
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problems have proffered a valuable mechanism for understanding matrix structure more deeply.

2. Preliminaries

A matrix is a rectangular array of numbers which can be real or complex. The numbers in the array are its elements or entries.
If the matrix has M rows and N columns it isan MXN matrix. If M =N then it is a square matrix.

A partial matrix is a matrix in which some entries are while the other remaining entries are free to be chosen. A completion of a
partial matrix is an assignment of values to all the unspecified entries. A pattern for an N X Nmatrix is a matrix is a set of index
positions, that is, a subset {1,...,n}x{1,...,n}. A partial matrix is said to specify a pattern if its specified entries occur precisely
at the positions listed in the pattern.

A sub-matrix of a matrix A is any matrix obtained by selecting a subset of its srows and columns.For a subset a. of (1,2, ....... ,n)
, the principal sub-matrix A(a), is obtained by deleting all rows and columns whose indices are not in a. A principal minor is the
determinant of a principal sub-matrix.

A real matrix A is called a Q-matrix if for every k =1,2,....... ,n the sum of all K xK principal minors is positive.A partial

matrix is a partial Q -matrix if all the K x K principal submatrices that are fully specified are Q-matrices.

A real N X Nmatrix is called a Po-matrix if all K x K principal minors of A are positive. A partial Po-matrix is a partial matrix in
which all the fully specified principal sub-matrices are Po-matrices.

A real "X Nmatrix is called a Mo-matrix if its off diagonal entries are all non-positive and all its principal minors are non-
negative. Thus, an Mo- matrix is a Po—matrix whose off —diagonal entries are non-positive. A partial Mo-matrix is a partial matrix
in which all fully specified principal sub-matrices are Mo-matrices. A partial Mo-matrix that includes all diagonal entries can be
completed to an Mo-matrix if and only if the zero completion (obtained by setting all unspecified off-diagonal entries to 0) is an
Mo-matrix.

Agraph G =(V, E) consists of a non-empty finite set V' of vertices and a set E of unordered pairs (v,u) of vertices called
edges. A digraph (directed graph) is a graph whose edges have directions. The edges of a digraph are called arcs. Thus, a digraph
D = (V, E) consists of a non -empty finite set V of vertices and a set E of edges. The order of D is the number of vertices
of D . Adigraph H =(V, E) is sub-digraph of adigraph D = (V,E) if V isasub-setof V(D) and E(H)is a sub-set of
E(D). A complete digraph is a directed graph in which every pair of distinct vertices is connected by all possible directed
edges. A complete sub-digraph is called a clique. Two digraphs are said to be isomorphic if they have the same structure and
differ only in the labeling of their vertices.

A digraph has Mo-completion if every partial Mo-matrix specifying can be completed to an Mo-matrix. A partial matrix has Zero
completion if the matrix can be completed to a ¥ — matrix by equating all the unspecified entries to zero. A pattern is said to be

positionally symmetric if whenever a;; is in the pattern, then a;; is also in the pattern. We adopt the following notations for this

work.
The entry dij denotes a specified diagonal entry, a;a specified non-diagonal entry and X;; an unspecified non-diagonal entry

where 1<i, j <n. Capital letters denote matrices. ™ is the set of natural numbers (1, 2,3, : n) . A(,B) denotes the

principal sub-matrix where /3 is a subset of N, ‘A(,B)‘ is the determinant of the principal sub-matrix A(,B) .

3. Literature Review

In 1984 Grone et al ™ studied the positive definite completions of partial Hermitian matrices. In the same year C. R.1985 Horn
and Johnson [ studied Matrix Analysis. Johnson (1990) "1 outlined a scrutiny of matrix completion problems focusing on the
positive definite completion problem. Johnson and Smith (1999) [ studied the “The symmetric inverse M-completion problem”.
Hogben (2001) ™ studied “Graph Theoretic Method for matrix completion problems”. Choi et al (2002) ™M studied “The Po-
Matrix Completion Problem”. Hogben et al (2003) ¥ worked on “The Nonnegative Po- Matrix Completion” using graph
theoretic method. Wangness et al (2006) B! worked on “Completion Problems for various classes of P-Matrices”. DeAlba et al
(2009) @ worked on “The Q-Matrix Completion Problem”.

J. Mutembei (2007) 1 worked on “Mo-Matrix completion problem for digraphs of 2x2 and 3x3

matrices.

R. Kabusia (2008) 1% worked on “The Mo-Matrix Completion problem for digraphs of 4x4 matrices.

This work isolates several non-isomorphic digraphs of order five with four arcs and proves that the non-cyclic digraphs have the
Mo-Matrix Completion property, whereas the cyclic digraphs do not.

4. Digraphs that have Mo-Completion
In this chapter, each digraph is considered as a separate case. The digraphs under consideration are of 5x5 matrices with 4
edges, that is, ( =4 .Throughout this study all digraphs are assumed to contain diagonal positions,and the matrices associated

with these digraphs are taken to be partial |\/|0 -matrices.
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The partial M0 - matrices are drawn from the digraphs in the following chronology. An edge in the digraph signify a specific
entry a; in the partial |\/|O -matrix,whereas the absence of edge in the digraph signifies an arbitrary or unspecified entry X;

.Since the digraphs are assumed to include all diagonal positions,the diagonal entries denoted by dij are all specified. This
assumption allows for the application of the lemmas below in establishing the stated results.

Lemma 2.1. A pattern that includes all diagonal positions has Po - completion.
Lemma 2.2. Zero Completion Criterion is admitted by Partial |\/|0 -matrices.
Proof. Let A be a partial partial M o -matrix in which all diagonal entries are specified. Then A admits an Mo- completion if and

only if its zero completion — obtained by setting all unspecified off-diagonal entries to zero — is an |\/|0 -matrix.(see Johnston
and Smith 1991)

Remark 2.3. Every principal minor of a Po -matrix is categorically non negative and this is a prerequisite for |\/|0 -completion.
Moreover, d,, 20,d,, >0,d,; >0,d,, >20,d; >0.

le
Z2e )
3e o4
Fig 1:
dy X, X3 Xy X
Xo1 d22 Xz Xoy Xog
A= X5 8y d33 Xgy  Xgs
X Xgp Xgg d44 Qs
1351 X5, G5 Xy d55 i

‘A(l’ )‘ =d;; 05 — X585
|A(2,3)| =005 — X585
\A(Z, 4)\ =d,,0,, — XX,
|A(2,5)|=0,,05 — X5 X,
\A(3, 4)\ =00, — X, X

‘A(3’ 5)‘ = Oaggs — Xy,
|A(4,5)]=d 05 — 5%,

3|Page


http://www.mathresearchjournal.com/

[ international Journal of Applied Mathematics and Numerical Research

‘A 1 2 3 ‘ 11(d22d33_Xzaasz)_xiz(xndsa_X23X31)+X13(X21aaz _d22X31)
‘A 1 27 4)‘ = 11(d22d44 —X24X42)—X12(X21d44 _X24X41)+X14(X21X42 _d22X41)

(

(
|A(L,2,5)| =0, (e, 0eg = Xog¥ep )~ X, (X 05 = XosBey) + Xs5 (X Xey — U 8)
|A(1,3,4)| =d,y (ddly, - x34x43 ~ Xy (X = Xy Xy )+ Xy (KXo — A,
|A(1,3,5)|=d,,(dyd )= Kea (Kexss = Xeser) + Yo (Xer — Uy
‘A@45‘dﬂmﬂwﬂﬂw X,y (Xyy g — 858 ) + Xie (X X, — 0 85,)
| A(2,3,4)| =y (e =Xa0Xy5) = Xog (B0 = X Xe) + X (Ko~ UigX,p)
|A(2,3,5)| =ty (dgtlss = Xy ) = X (Bagllss = Xog¥ep) + Xos (33,855 ~ O,
|A(2,4,5)| =ty (dles = sy ) = X (Kigss = ugeg) + Xog (Xiphsy Do)
|A(3,4,5)| =y (s = ey ) = Xau (Xishss = ) + Xeg Xy — )

3
[ 1\ d33d44 X X43) Xza(aaz XXy +X24 aaz 43 d33X4z
- X12 21(d33d44'xs4x43)'xz3(xsl X34X41 Jr)(24 X X3 d33X

|A(1,2,3,4)|= |

X13{ 21 aSZ - d (X31 - 34 41 +)(24 X31X42 a32 4
U
{

—+

)]
)]
il

- X14 X21 a32 43 d33X42 d (X31 43 d33X41 +X23 X31X42 a32 4

dl d22 (d33d55 XSEaS3 23(a32 55 X35X52 +X25 a32a53 33X52
- X12 XZl d33d55 35853 23(X31d55 35a51 +X25 X31a53 33a51

Va
|A(1,2,3,5)|=
X13{X21 a32 55 X35 52 d ( 31455 35a51 +X25 X31X52 a32a61
{

—+

- Xl X21 a’32a53 d33x52 d (X3la53 33a51 +X23 31X52 a32a51
|:d1{d22( 55 a45)(54 24(X42d55 a45)(52 +X25 X42X54 d44X52

‘A(1,2,4,5)‘ ) Xm Xor (Gaylss =, )= (X, — sy ) 405 Xty ~ i)

i
!
1
(
+ x14{x21(x42d )=ty (K, e — sBi) + Xog (X1, ~ X8y
- x1 {x21(x42x54 W)~ (X41X54 08 )+ Xy (K Koy — X,
[dl{das(du ~ Ak )- 34(X43d55 By58i) + Xog (XX, ~025)
s s Gt =)= (s~ ) + s (e~ )
e o s~ B~ (s~ )+ M (s X
s e e~ Qi) = O 0 = ) ey (s ~X)
:
X

|:d22 {d33 (d4 d55 a45)(54) 34 (X43d55 45a53 + X35 X43X54 44a5

|A(1,3,4,5)|=

—+

]
]
)]
)]
)
)
]
]
]
)]
/
]

_[Xn {aez(dzm 4 X34(X42d55 i5%e2 +)(35 X5y d44 2) }
+|:X24 {aﬁz(xmd 45a63 d33( a45)(52 +X35 42 53 X43X52) :|
[Xs {2

B X25 aSZ 43X54 44a53 d33( 42 54 d44)(52 +X34 42a53 X43X52 }:|
|A(1,2,3,4,5)|

|A(2,3,4,5)

:'_
}_
|
|
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Since X; =0

|A(L2)= dyyd,, >0

|A(L3)|= dydy; >0

[A(L4)= dyd,y >0

|A(L5)|=d,,ds >0
|A(2,3)|= d,,dy; >0
|A(2,4)|=d,d, >0
|A(2,5)|= d,,ds >0
|A(3,4)|= dyd,, >0
|A(3,5)|= dyydgs =0
|A(4,5)|=d,dss >0

(
(
(
(
(
(
(
(12.3)=
[A1.2.4)=
|A(1,2,5) = d11d22d55 >0
|A(1,3,4)|= d,d,,d,, >0
|A(1,3,5)|= d;;dy0gs >0
|A(1,4,5)|= d,,d,,dg; 20
|A(2,3,4)|= d,,dyd,, =0
|A(2,3,5)| =d,,dy5dss 20
|A(2,4,5)|=d,,d,,ds; 20
|A(3,4,5)|=0dyd,,ds 20
|A(1,2,3,4)=d,,d,,d,.d,,, >0
|A(1,2,3,5)|=dy,d,,d:,0g >0
|A(1,2,4,5)|=d,,d,,d,,d; >0
|A(1,3,4,5)| =dy,dd,,dgs >0
|A(2,3,4,5)|=d,,d;,d,,dg; >0
(

|A(1,2,3,4,5)=d,,d,,dd,,dgs >0

The diagonal entries are specified and as stated earlier, are assumed to be all non-negative. Therefore, there is a zero completion

into an MO -matrix for this case.
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) ‘\
2e )
3 od
Fig 2:
d11 X X5 Xy o Xps
Xo1 dzz X3 Xou  Xps
B= X351 8y d33 Xy Xgs
Xgoo Xgp o Xyg d a Xys
135 X5 Az Ay dss i

All entries in this partial matrix are the same as those in Digraph 2.1 except for % which is now Xas and Xsa now %4
.Therefore, we only generate the principal minors of the sub-matrices where the numerals 4 and 5 both appear.

|B(4,5)|=d,,dss — X585,

|B(L,4,5)| =0y (daulss —Xyse, )~ Xpg (Xllss = XusBy) + Xos (X185, ~ dy)

1B (2,4,5)| =ty (00 = Xiss4 ) = Xou (Xipleg = Xugep) + Ko (Xe585, — Uy

|B(3,4,5)| =g (s — X ) ~ Xy (Xathss —Xiss) + Xos (X — i)

[dn{dzz(de%—x45a54)—x24(x42d55 Xiskep) + Xos (Xl — dxsz)}
o Pl (Al - 45a54) Ko Ol ~ ) s K2y =0,

B(1,2,4,5)|=

+[X14{ 2 X42d55 1% dzz(x41d55—x45a51 (XX =X,y }}
|:X15{ 21 KBy = d44X52 = Uy (X, =08y ) + X5, (X hey = XogBy }}

[dn{dss(dzmdss‘X45a54)‘X34(X43d55 45353 +X35 Xy = 44353 }

Yoy 0y s - Yoy (X0 — X85, ) +

|B(1, 3 4,5)| [Xm{ 31( 4755~ 45354) o (Kl = Xy ) + X5 (K125, ~ iy }}
+[X14{X31(X43d 45353) Oy (X, 0o = XasBy )+ X (o125 =~ Xosy) }

[X15{X31( XyaBy = 44353) Oy (0,85, = Uiy ) + 4, (K25 - 43351)}

[dzz{das( 455 X45a4) Xaa (Kglss = XgBes) + X (Xgfoy = iy H

- X d,0 - Xy (X s = XysXeo) + Xag (X, = U X))

|B(2,3,4,5)|— 23 aaz( @5~ ) 055 = Koy )+ Xog Xypllsy 2”

a32(x43d 45a53) d 42 5 X45X52 +)(35 42 53 43 52 i|

a32( 43a‘54 44a53) d 42 54 d44X52 +X34 42 53 43 52 ﬂ

+
l—|l—|l—|
>

o3
N
—_—— —— ——
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dz{ 33( wullss =
X3 |8,

45a54)_ X

45 a54

XZS a32 X43a54 d44a53

d,,(d
{a
Xy {a32 (x
fa
X21 {d33 (de
Xy { Xy (00
%o Xy {xal (x43d
| s [ (Xisss -
d
(day
(
(

55
X21 asz( wulss
dzz{X31 d,d
X
+X24{X31 X42d55

{2 (o8
. {xsl(
B(L2,3,45)= Xza{x31(x42d55
s i (¢

42 a53

31

X5

42 a53

2 31

o
+XZ?I { 31 (X42a54
o

Since X; =0
B(4,5)|=d,,dg; =0
B(1,4,5)|= d,,d,,dg; >0
B(2,4,5)|=d,,d,,dg; 0
B(3,4,5)|=0y,d,,ds5 20
B(1,2,4,5)|=d,,d,,d,,ds; >0
B(1,3,4,5)| =dy,d,d,,dgs >0
B(2,3,4,5)|=d,,d;,d,,dgs >0
(

)-
~ X5y )~
)-
)-

45a54

4 (Xigss = Xy5855) + X (Xyas, — }
Xay (X42d55 XsXep) + Xeg (x42a54 wXer)
O3 (X5 = XygXep) + Xog (XipB5 = XyaXs,)
Ui (Xyps, = UagXep) + Xay (X85 = X3, )
( )+ Xas (X )

XSA X43d55 45a53 +X35 43a54 d44a53

}
}
j
]

~ XygBy ) X34(X41d55 45351)+X35(X41a54 d44a 1)}
X553 ) 33(X41d55 45351)+X35( X41853 — X438 }
(

)
44a53) 33 41a54 - dMasl) + X34 (X41a53 X a51)}

X45 a54

45a54

X45 X52

45 a53

X45X52

X43 X52

d 4 X52

34(X42d55 XASXSZ) + Xss(X42a54 d44xsz)}
Xy (X41d55 - X45351) + X5 (X41a54 1)}

a32 (X41d55 45a51)+x35( 41 52 X42a51 }

L X25 X31 42a54 44X52 aﬂz(xtlla‘SA 44a51)+x34( 41 52 XAZaSI)}

33(X42d55 X4SX52)+X35( 42a53 X43X52)}

)
X45a53) 33(X41d55 X45a51) + X35( 418’53 43a 1)}
)-
)-
X21 {a32 (X43a54 _d a53) d33(X42a54 d44x52) + X34( 42a53 X43X52)}

43a54 44a53) 33 (X41a54 - 44a51) + X34( 41a53 43a51)}

a32(x41d55 X45 51 )+X35(X41X 2 X42a51)}

a32 (X41a‘53 43a51) + d33 (X41X 42a51)}

) 32 ( 41a54 d44a51)+x34(x41x52 X42a51)}

X43X52) asz( 11853~ X43a51) + d ( X428.51)}

B(1,2,3,4,5)|=d,,d,,dd,,dss >0

The principal minors are all non- negative. Thus, zero completion into an M0 -matrix.
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le
Ze 5
3e od
Fig 3:
d11 Xp  Xg Xy o
X51 dzz Xz Xy Xys
C= X5 8y d33 Xy Qg
X Xgg Xy3 d a9
| Xs1 Xip Xz Xgy d 55 |

All entries in this matrix are the same as those in our first case except for X5 which is now a15, Xe5 now 85 ,a51now Xs1 and

%5 now Xs3 .We therefore only consider sub-matrices where the numerals 1 and 5 or 3 and 5 are mentioned.

|C (L 5)| =0y, dgs —aXy
C(3.5)|= dsgtlss — X
1C(L,2,5)| =ty (05 XXy ) = X (g = Xogey) + g (XorXsp = O Xe,)
|C (1,3, 5)| = 0y (Oyg0lss — Bag ey ) — Xy (XoyOeg — g Xey) + g (Yo Xy — Ui,
1C(2,3,5)] =0,y (dgfls — gy ) = Xop (Bullss ~ sy + Xos (B Xy ~ Oy
IC(3,4,5)] =g (s — gy ) ~ Xy (Xthss — ) + s (XX — Uy

[0 {0 (O~ )~ s s =8 ) o 3 =Bk )
[ o (0~ )~ Ky g~ )+ 0,2~ )
4t s gt -G )+ Xt k)
8 o (B = ) = (g =iy ) s (K =3
[m&%gddﬁ %gm)mep% ) s (KX, =0 ) |
[xu{xﬂ(d g — 5K, )Xo (K O — e )+ Xog (X, X, — Ok }}
+[x14{x21(x42d A5 )~ Ui (X g — ugey) + s (KX ~ XKy }}
SEAt )

a15 XZl X42X54 d44X52 d (X41 54 44X61 +X24 41 52 42 51 j|

IC(L2.35)=

IC(L2.4,5)|=

8|Page


http://www.mathresearchjournal.com/

[ international Journal of Applied Mathematics and Numerical Research www.mathresearchjournal.com

I:d 1{d33( 44455~ 45X54) ( 43455 45X53)+a35( 43X54 44X53)}:|
}

[Xl?:{XSl d,,0g; - 45X54 = X (X5~ ) + s (X, Xy = ) }
IC(L3,4,5)=
4 ottt ) Ol -8 ) 5 (ki )
[al's{xﬂ Kighey = -d X53 dss( 41X54_d44X51)+X34(X41X53_X43Xs1)}}
[dzz{das(dzmd R 54) (x43d55—a45x53)+a35(x43x54—d44x53)}]
[Xzs{asz(dud =Xy (Xllss = Bughey) + 855 (X, Xy =0 Xaz)”
IC(2.3,4,5)=
+[Xz4{azz(x43d d o (Xl =By ) + 25 (XX = XigXey }]
[Xzs{asz(xuxm 44X53 d o (XiXey = Quukep) + X5, (XX = XigXey }]
Since X; =0

IC(15)|= d,,dss 20
IC(3,5)|= dydgs =0
IC(12,5)|= d,,d,,des =0
C(1,3,5)|= dyydyydss >0
IC(14,5)|= d,,d,,dgs >0
IC(2,3,5)|=d,,dydy; >0
IC(3,4,5)|=d,,d,,dss 20
IC(12,3,5)|=dy,d,,d:,ds >0
IC(L2.4,5)|=d,,d,,d,,dss >0
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X23 X31

{
%
{

+ X24 X31 X42 d 5

o
{

X25 aGZ 43X54 X53 33 42 54 44 52 +X34 42 53 X43X52 }

}
)
)
)
|
)

-
)= g (s = i) + 8 (X Keg = XXy
J-d
)

X21 d33 44 a45x54 X34 43 5 45 53 +a35 43 54 d X53

d44d55 45
X43d55

XZl{aGZ (d44d55 a45X54) X34(X42d55 a45)(52)-|_a35 42 54 d44x52)

d { ( 4Ad55 45 54) 34( 43d55 a45 53)+a35 43 54 d44X53}
X23 a’32 deSB a45)(54 X34 X42d55 a45)(52 +a35 82 54 44X52)

d,,(d

faol
(X~

feo

{d(dd

X34 (¥, = Bekey) + g (X, Xy =0 X,

33 X41d55 a ) ( 41X53 XSI)}

(
(
X25 X31(X43X54 d44X53 3 X41X54 d44X51)+X34( 41753 X43X51)}
(
(

}

d22 X31 d44 % a45)(54 34 X4ld55 a45)(51) ( X51 }

a’SZ X41d55 )+a35( 41752 X42X51 }

X25 X31(X XSA d44x52 3 X41X54 d44X51)+X34( 41752 X42X51

XZl {aSZ (X43d55 a45X53) d33 (X42d55 B a45X52) + a35 (X42X53 X43X52)}

)
a32(X41d55 4575 )+ ( 41752 X42X51)

1

)

) dzz{X31 Xilsg - a45X53 = Oy (X s — e, ) + g (X, Xy X43X51)>

; +)(23{)(31 Xilss = 85X }

|C (1,2,3,4,5)|: Xzs{ a1 Xiokss — X43X52 = 8y (K ksy = Xy ) + U (X X X42X51)}
Xz1{a32( ks d44X53) Oy (X = X)X (Xiheg = XXy }

4, ~Uy X X43X54 d44X53 = g (KX =Gy )+ X, (g X43X51)}

IC(13,4,5)|=dy,dd,,ds >0
IC(2.3,4,5)|=d,,d;,d,,dg; >0

IC(12,3,4,5)|=d,,d,,dd,,dgs >0

o M .
Hence, zero completion into an 0 -matrix.

b2
b4 _——-—b’.

Fig 4:

+X23 {X31 X42X54 d44x52 3 (X41X54 _d44X51) + X34( 41752 X42X51)}

X24 X31 42X53 X43X52 a32(x41x53 X43X51)+d33( 41752 X42X51)}

www.mathresearchjournal.com
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_dn X Xz Xy & |
X Oy Xg Xy X
D=|Xy 8, Oy Xy &y
X X Ky a X5

| X1 X5, X5z gy dss |

The entries in this matrix are the same as those in above case (2.3) except for s which is now Xas and Xsa now %4 . We only
consider sub-matrices with both numerals 4 and 5

ID(4,5)[=d,,,0g5 — X585,

D (1,4,5)| =y (g — Xigsy) — Xyq (Xyy0eg = XaXey) + s (Xpgsy — 0 Xs,)
|D(2,4,5)| =y (0 g = Xy58g, ) = Ko (X0 = Xig¥eg) + Xos (4,585, — 0 X))
ID(3,4,5) :d33(d44d55—x45a54)—x34(x43d55—x45x53)+a35( Xede, 0%,

[dll {dZZ (d44d55 - X4Sa‘54) 24(X42d55 X45X52 t X25 X42a54 d44X52 :|

~{ X5 Xy (Ayyleg — X Xoy (Xyy0ss = X,gX 0, X
‘D(l,2,4,5)‘ _ [Xm{ 21( 4555 45a54) s = Xugks ) X5 (X, = 0oy H
[X14{Xz1(x42d55'X45X52)‘dzz(x41d55 XisKey) + X5 (XopXep = XXy }
—[815{X21(X42354—d st) d (41a54 d44X51 41 Xep = KipXs }}
[d {das(d44d55 45a54) Xy (Xigles = Xigep) + 85 (Kog8s = i) }
0yyles — (Xl = XyeX,) +
‘D (1 3.4 5 [Xm{xa 14455~ 456*54 =Xy (X O = XXy ) + B (X, =y H
+[X14{X31 Xillss =X = s (Xl = Xagksy) + 85 (X X = 43X51)”
|:815{X31 Xy, = X53 d33( ey = X)Xy (XyXeg =Xk }]
[dzz{d%(d g - 45a54) X (Xl = XisXeg) + g (X2, = 44X53)}]
Xy 18y (g = Xyey ) = Yoy (Xypldeg = Xye¥ey) +
‘ ( 234 5 23{a32 -5~ 45a54 s = XisXeg) + s (X By, UK }

[ fag )
+|:X24 {aSZ(X43d 45X53 d 45X52 +a35 42 53 43X52 }i|
| s (s~ e~ O (g, - dst (X~ Xeo )|
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ID(1,2,3,4,5)|=

Since X; =0

g

Xy

g

d { 33( 44d 45 54) 34(X43d55 X45X53 +a35 43 54 d44x53}

d.,(d
foo )-
+x24{a32(x43d55 Xihsy) ~ O (Xes — Xighey) + s (Xkey ~ Koy
_ x25{a32(x43a54 )~
{d(d )-

1T
>

X23 a32 d44d55 X45a54 X34 X42d55 + a35 X42a54 d44 X52 )}

)
a3 (gsy = 0y )+ X4, (XX X43X52}
g5 ~ XusBsg )~ Xy (Kgles —Xighes) + s (XeBy = d44X53}
X31(d44d X45a54)_X34(X41d55 4575 ) ( 4% 44X51)}
(X43d55 ) Oy (s = Xy, ) + 2 (X X X43X51)>
X31( Xl ~ d44X53) dss( 4% d44 51)+X34( 41753 X43X51)}
21{aaz(d44d55 X45a54) X (Xl = XKy )+ 8 (X2, st)}
_d22 Xy dess_X45a54) 34(X41d55 4575 ) (X41a54 dAAX 1)}

D
+X24{X31(X42d55_x45X52)_ (X41d55—X45X51) ( 41752 X42X51)}
(i

—Xos

&
_'Xzs Xy X423~54_duxsz)_azz(xnam_d44X51)+X34( 41752 X42X51)}

XZl {3‘32 (X43d55 B X45X53) d33(x42d55 X45X52) + a35 ) 53 X43X52)}
)

d22 { 31 X43d55 3 (X41d55 )+ a35( 41753 X43X51 }
+X23 {X31 X42d55 45 a32 (X41d55 4575 ) + a35( 41752 X42X51)}
L X25 {XSI X42X53 aGZ (X41X53 X X )+ d33( 41752 X42X51)}

X21 {a32 (X43a54 - d44x53) 33( 42a54 dAAXSZ) + X34 (X42X53 43 52)

d22 X31 X43a54 d44X53 3 X41a54 d44X51)+X34( 41753 X43X51)}
)

b
+X23{X31( 42a54 d X52 a32 X41a54 d X51)+X34( 41752 X42X51 }
b

ID(4,5)|= d,,dss >0

ID(1,4,5)|= d,,d,dg >0
ID(2,4,5)|=d,,d,,dss >0
ID(3,4,5)| =dyd,,ds >0

ID(1,2,4,5)|=

d,,d,,d,,de >0

ID(2,3,4,5)|=d,,d;,d,,0 >0
ID(1,2,3,4,5)|=d,,d,,d;,0,,ds >0

(

(

(
ID(1,3,4,5)|=d,,dy,d,,ds; >0

(

(

All non-negative implying zero completion into an MO -matrix.

| o X1 Ky =X asz Kykes = 43X51)+d33(x41X52_X42X51)}_

www.mathresearchjournal.com

12|Page


http://www.mathresearchjournal.com/

[ international Journal of Applied Mathematics and Numerical Research www.mathresearchjournal.com

le
2 = @ 5
3e e
Fig 5:
dn Xp  Xg Xy o Qg
X1 dzz Xz Xy Qs
E= X5 Xg d33 Xy Qg5
X X Xyg d 4 Qs
| X1 Xi Xz Xgy d 55 |

All entries are the same as those in case 2.3 except for X5 which is now % and % now X2 .We consider only sub-matrices
where the numerals 2 and 3 or 2 and 5.

|E(2,3)]=d,,05 — X,5X,

‘E (2 5)‘: 0,055 — 855,

|E(1,2,3)] =y (00 = XXy ) = Xy (Xl = XysXer )+ g (g Xy = Gy Xs)
|E(L,2,5)| =0, (d0e ~ 255X, )X, 21d55 ByeXe,) + s (Ko, Xe, — 0 X))
[E(2.3,4) (XepXy5 =G
[E(2.3,5)
[E(2,4,5)

2
)= (x ) :

)= Xga (Kepay = XaXya) + Xy (XgpXys — U3eX,)
Oy (Dagllss — g5y ) = X (Xaplhss = gsXey) + g (Ko Xy = 33st)
d ( )= Xou (Xegeg = BsXep) + g (Xyo Xy — 01y Xey)
[dn{dzz(d%d ~X, x43) Xoa (X = Xy X ) + X, (Ko Xig = BaX,o)

.:)(12 21 d33d ) 23(X31d44 X34 41 +x24 31 43 X41)
)

d22 (d33d44 X34X43
=
=

d44d 55 a45 X54

]
1
}

[E(12,3,4)=
+[)(13 21 Xez “- dzz(X31d44 XogKig) + Xy (g Xip = XXy ]
[Xm 2 X32X43 dssxaz d22(X31X43—d33X41)+X23(X31X42—X32X )ﬂ
{dn {dzz (d33d55 a's5x53) 23(X32d55 - a35)(52) + azs(Xazxss - dsaxsz)}}
(i (Xpy g = BgsXey) + B (X Xy — Uyg X, )
‘E(l 2.3, 5 [Xn{ 21 33755 azsxsa Xog kg s = Bogy )+ 8 (Ko Xy = Ok }}
+[X13{X21 X32d55 By X 52 22(X31d55_as5x51)+325(X31X52_X32X51)}}
|:815{X21 KXoy = d33X52 zz(X31X53_d33X51)+X23(X31X52_X32X51)”
{du {dzz (d44d55 45X54) 24(X42d55 _a45X52) + azs(X42X54 _d44X52)}]
Xy (Gyyleg - =Xy (Xyq0ss = Bye sy ) + Bog (X Xey =0 Xg:)
‘E(l 2.4 5 [Xu{ 21 55 45X54 s = ysksy) ¥ 85 (Kugksy =y 1}}
+[)(14 {Xz1 dzz (X41d55 - aA5X51) T (X41X52 - X42X51)}]

|:a15 X21 Xy = 44X52 d (X41X54_d44X51)+X24(X41X52_X42X51)}
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[d {das(dud B 54) o (Xles = a45x53)+a35(x43x54—d44x53)}}
X 0,0 - = Xy (X, 05— )+a.( -0,X
‘E(z 3 4 5 |: 23{X32( 44 42855 45 52 35 42 54 44752 }:|
+|:X24{X32(X43d55 d33 X42d55 a45 52 +a35 42 53 43 }:'
|:a‘25{X32(X43X54 d44X53 d X42 54 d44X52 +X34 42 53 43 52 }i|
Since X; =0

1

[E(2,3)|= d,,d:, >0

(2,
[E(2,5)|= d,,d >0
[E(1,2,3)|= d,,d,,ds, >0
|[E(1,2,5)= d,d,,des >0
[E(2.3,4) = d,,dyd,, >0
|[E(2,3,5)|=d,,05ds; >0
[E(2,4,5)|=d,,d,,dss >0
|E(1,2,3,4)|=d,,d,,d,d,, >0
[E(1,2,3,5)|=d,,d,,d:,0 >0
(

[E(1,2,4,5)|=d,,d,,d,dgs >0

1l4|Page
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—Xp

g

Xy

[E(12,3,4,5)=

g

[E(2,3,4,5)|=d,,d,
[E(1,2,3,4,5)|=d,

d { 33( 44d 45 54) ( 43d55 45 53)+a35 43 54 d44X53 }
XZS X32 d44d55 a45)(54 X34 X42d55 a'45)(52 +a35 42 54 XSZ)

d,(d
Ve )-
+x24{x32(x43d55 85t )~ Uy (Xl ~ gk g (K kg ~ Xy
D )-d
{d (0. )

8‘25 X32 43X54 44X53 3 42X54 d X52 +X34 42 53 X43X52

X21 d33 44 a45x54 X34 X43d55 45 53 +a35 43 54 d X53

}
)

)]

)|

XZS {X31 (d44d55 X34 X41d55 51) + ( 41754 XSl)}
+)(24 {X31 (X43d55 33 X41d55 45X61) ( 41753 X43X51)}
a25 {X31 (X43X54 d44X53 33 41 54 d44X51) + X34( 41753 X43X51)}
X21 {X32 (d4 d 45X54 ) X34 (X42d55 a45)(52) + a35 (X42 X54 d44x52 }
d22 {X31 (d 44755 a45)(54 34 X41d55 a45X51) ( 41754 XSI)}
+X24 {XSI (X42d55 3 X41d55 51) + ( 41752 X42 X51)}
a25 {X31 (X XSA d44X52 3 XAIXSA dAAXSI) + X34( 41752 X42X51)}

)

)

21 {X32 (X43d55 a45x53) d33 (X42d55 a45)(52) u a35 4 53 43 52 }

>

dzz{xn Xyl = a45X53 =y (X O~ ;) 8 (X, Xy X43X51}
+)(23{)(31 Xillss =Xy )= Koy (K les = ughey) + s (K ky = XXy }
az5{X31 Xihsy = Highey) = Xep (ilhs =Xy ) + O (K X42X51)}
Xz1{X32(X43X54 s )= O (X = ) Xy (R =X 52)}

d22 X31 X43X54 d X53 33 X41X54 d44X51)+X34( 41753 X43X51)}

b
+X23{X31(X4 X54 d44X52 3 X41X54 d X51)+X34( 41752 X42X51)}
X24{X31(X42X53 3 41X53 X43X51)+d ( 41752 42X51)}
d,,0 >0
d,,d5,d,,d, >0

The principal minors all non-negative, zero completion intoan 9 -matrix.

le

[ S
™

F 9

Fig 6:

www.mathresearchjournal.com
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Ay Xy X5 Xy X
X21 d22 X23 X24 X25
E' = X X 33 Xy X
X Xgp o Xyg X5
Let (31 B Bg Ay Oy be a partial Mo -matrix representing the digraph above.

This matrix is a transpose of that in case 2.5 and since det E =detE’ ,the digraph has MO - Completion.

le
2e ped
Je od
Fig 7:
dy X X Xy X
X21 d22 X23 X24 a25
F=X X d33 X34 S
X4l X42 X43 d 44 a45
a, X, X X d . : . :
Let L %J" be a partial Mo -matrix representing the digraph above.

In comparison to Digraph 2.5, the only changes are % to X5 and *s1 to a51. As such we only consider sub-matrices with 1 and
5

[F (1,5)] =y — X525,

|F (1,2,5)| =0 (0,0 = Xy ) = Xy (Xstlss — ByeBy) + Xs5 (XX, — O 585,)

|F (1,3,5)| =y (0g0lss — seXes ) =Xy (X e = sy) + X5 (g Ko — Uys)

|F (1,4,5)| =0 (0,0 — gy ) = Xy (X5 = sy ) + X5 (X Xs, — i)
[dn{dzz(dssdss‘aesxss) Xy (g e =B Xe) + @ (K Xy = 33st ]

‘F (1,2’3’5)‘ [ { 21(d33d55‘assxss) Xy (Ko = sy )+ g5 (X Xy ~ gy }]
|:X13{ 21(X32d55—835X52)—d22(x31d55—635851) X31X52 Xepllsy H

[ { 21( Xopkes = d33X52) 0y (X Xeg = aghoy) + X (X1 X, = X8y }]

I:dll{dZQ(dA 45X54) oy (g5 — B¥eg) + g5 (XK, = 0y ey) ]

‘F ( 12.4, 5 =| X X (0ol = Xy (X, g — gl ) + 5 (X, X~ U }]

X42d d22(x41d55 a45a51)+a25 41 52 42a51 }:l

X42X54 d 2(X41 54 d44a51)+X24 41 52 X42a51 }]

+
f.|I—|[.|
=<
=
s 2 2o
>
3
3
= 2 B
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I:dl{d%( 44d55 a45X54) (43 55 45X53 +a35 43X54 44X53 :|

d
‘F(l 3 4 5 |:X13{X31(d d 45X54 X34(X41d55 45a51 +a35 41X54 44a51 ]
+|:X14{X31(X43d 45X53 ( 41 45a51 +a35 41 53 43a51 }i|
|:X15{X31(X43X54 d44x53 d (41X54 44a51 +X34 41X53 433‘51 }j|
Since X; =0
IF(15)|=d,ds; >0

F(12,5)= dy,d,,des >0
|F(1.3,5)|= d;;dy0ss =0
IF(14,5)|= d,,d,,ds >0
|F(1,2,3,5)|=d,,d,,d;dg; >0
F(12,4,5)]=d,,d,,d,,ds >0
F(1,3,4,5)|=d,,d,,d,,dg; >0
F(12,3,4,5)|=d,,d,,d;d,,d >0

le
2 e 'i 5
3e o4
Fig 8:
dy X X Xy X
Xo1 dzz X3 Xou  Xps
G= X1 Xg dss Xy Qg5
Xy Xyp Xg3 d s
1851 A5, Xgg Xy dss_

X X . . . .
Apart from B now “Zand “SZnow 8 ,all the other entries are exactly those in case 2.7 thus we only consider submatrices
that have 2 and 5.

‘G (2’ 5)‘ =0,,0d55 — X595
‘G (1’ 21 5)‘ = d11 (d22d55 — Xy585 ) - X12(X21d55 - X25a51) + X15(X21a52 _d22a51)
‘G (2' 3’ 5)‘ = dzz (dssdss - assxss)_ Xzs(xszdss - assasz) + Xzs(X32X53 - d33a52)
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‘G (2! 41 5)‘ = dzz (d44d55 - a45X54)_ Xz4(X4zd55 - a45a52) + Xzs( T d44a52)
[du {dzz (d33d55 _assxss) 23( 32455 aesasz u Xzs KoXs3 — 33352

G(1.2,35)[=
+ X13{ 21 X32 55

[
|:X15 {X21 X32 X53
[, {0 (Al

G(L2,4,5)=

[Xu {Xz1 (d33d55 B

|:X12 X21 d44d55

a35x53) X23 X31 55 a?)SaSl +)(25 X31X53 33a51 }:|
a35a52> d22 31 55 aGSa‘Sl +X25 31a52 32a‘51 }i|
33a'52) d22 X3153 33a51 +X23 31a52 32a‘51 j|

)-

=y ) = Koy (X5 — 585y ) + X5 (X, X, ~ 0y ]
By )~ Xog (Xyrleg = ugsg) + Xos (Xyp ey =0 Xsy) H
~ 58 ) = Oy (Xiss —45061) + 55 (XysBs, ~ XXy H
=gy ) =g (X, Xy =0y ) + Xy (X, 85, = XigKey) }
= X ) =Xy (Kl — Bugeg) + g (X sy =y ey) }
~ sk )~ Moy (Kl — Bgly) + s (g Xy — 0 z)ﬂ

)~ ey (X — g, ) + g (X X |

)-
)-
)-
)-

X25 X32 43X54 d44X53 d33(X42X64 44a‘52 34 42X53 43a52 }j|
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_d {d33(d44d 45 54) 34(X43d55 45 53 +a35 43 54 d44x53 }
X23 {XSZ (d44d55 a45X 54 ) X34 X42d55 a45a52 42 54 a52)}
+X24 {X32 (X43d55 a45X53) d33 42 5 45a52 42 53 43a52
L X25 {X32 ( 43X54 X53) d33 82 54 44a52 + X34 42 X53 )(43a 52
{d (d ) %)

X21 d33 44d55 aASXSA X34 X43d55 45 53 +a35 43 54 d 44753

Xzs{xsl(dzmd X34 (X, s — gy ) + s (K ks, = a51)}
+)(24{)(31()(43(155 Oy (X O — B581) + B (X, X = 43351)}
I Xzs{xal(x4sxs4 d44X53 s (kg = Oy ) 4 X (X, g = 433-51)}

d

_X21 {X32 ( 44d55 a45)(54) X34 (X42d55 45a52) + a’35 42X54 44a52)}

+X1 d22 {X31 (d44 55 aAS XSA ) 34 X41d55 45a51) ( 41758 1)}
3 {Xﬁl (X42d55 45a52) 32 X41d55 45a51) ( 41752 X42a51 }
U -

L X25 X31 XAZXSA AAaSZ 32 41X54 44a51)+x34( 41752 X42a51)}_

21{X32(X43d55 a45X53) Oy (X Ueg — B8 + s (XK~ 43352)}

Xy

1
>

) [ (Xl = B~ G 0 G~ By) + g (X Xy ~ X )|

h 1y (Xl =g )X (K g — gy )+ B (K, =Xy )|
6(1234,5)= | Hshlto- mz&mm%&M%u%4mﬂ
_x21{x32(x43x54—d44x53)—d33(x42x54 0,86, + X, (ks Xy
oy ey (Kt =) =B (R = ) 0, =X
oy Dty (X = 0y )~ (K ~ ) + X, (0~ X))

(i
L X24 {XSI (X42X53 43a52 3 X41X53 43a51) +d ( 41a52 42a51)}

)
)]
)|
)
) )
) )

i

Since X; =0
G(2,5)|= dpydss >0
G(1,2,5)|= d,,d,,0 >0
G(2,3,5)|=d,,0,ds; >0
G(2,4,5)|=d,,d,,dss >0
G(1,2,3,5)|=d,,d,,d:,0 >0
G(12,4,5)|=d,,d,,d,,des >0
G(2,3,4,5)|=d,,d,,d,,d; >0
(

G(1.2,3,4,5)|=d,,d,,0;,0,,,ds >0

Principle minors all non-negative, the digraph has zero completion into an "~ 9 -matrix.
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—

5

4
Fig 9:
dy X, X5 Xy B
Xy Oy Xz Xy X5
G' = X X3 i3 Xy Xy
X X Xyg a Xys
[ X1 85 853 8y dss_

This digraph is a transpose of the previous digraph hence has zero completion into an MO -matrix

le

]
[ ]
Y
.
Lh

Jeg o4
Fig 10:
—d11 Xp X3 X X5 |
X Oy By Xy By
H=|Xy Xy Oy Xy X
X Xy By Ay 2
[ X51 X5 Xsz Xy ds i
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H(3,4) =050, — %58,
|H (3,5)] = dayllsg — X5 X
H(4,5)| =, 0es —asXs,
|H (L,2,3)] =0 (055 = By, ) = X (Xl =5y ) + X (X Xy =)
|H (1,2,4)] = (50, = X% ) =X (Xplay = XogXeg )+ X (XX, = Xer)
|[H (1,2,5)] =, (dy,0eg — e, ) = Xy (X = gy )+ X35 (Kopkey = %e,)
|H(L,3,4)| =ty (A — Xsi25) ~ X5 (X Xe1) + Xy (Xogls = OgeX,)
|H (1,3,5)| =y, (dgtles — Xeg¥eg )~ X5 (X Xe1) + X5 (Xay e — CagXey)
|H (1,4,5)] =y, (ddeg — sy )~ Xy x41d55 A, ) + X5 (XX, —0yXe,)
[H(2,3,4)|=d,, (dyly, ~X,2,5) -3y ~ Ko Xep) + Koy (Xeply — 0y X,)

( )-

(2.3.4) )- )
|H (2,3,5)| =ty (dgtlss — Xss ey ) = 2 (el x35x52)+a25 Xy Xes — OisXey)
(2:4.5) )- )
(3.4.5) )-

X

(%

(x (

|H (2,4,5)| =y (deg — gy )~ Xou (Xilles ~usey) + s (Ko Xe, — U

|[H (3,4,5)| =ty (0,55 ~ 5%, )Xo, (850

[, {d, (dd,

~[ X o (Gl =X ) =8 0y =X ) 3 (K~ Oty )}

+[x13{x2 (X32d44—x34x42)—d 2 (Xeshay =X Xg) 4 X (K Xy = XXy ﬂ
D ) }

_[X1 Ka X3za43_d33X42 -d z( 318y d33X41 +a23 1k ~ Xy 41) ]

a45X53)+X35( 43X54 d44x 3)
)

34a43) a (X 2d X34X42 +X24 X32a43 d33x42 j|

IH(1,2,3,4)=

1
1

)
o
)]
[ e (s = ) X (s =y ) 5 (e = Guiy )}

[ )
[X14{X31 a43d55_a45X63)_d ( 45X51) 35( 41X53 43X51
|:X15{X31 43X54 44X53)_d ( 41 54 44X51)+X34( 41X53 43X51

[dn{ 22(d33d55 % 53) By (Kol = XogKep) + 85 (e Xgg — Ug¥ey) }
‘H (1’ 23, 5)‘2 [X12{Xz1(d33d55 ) By (X e = XXy )+ g (X Xeg = Oy ”
+[X13{X21(X32d55 3575 2) 0y (X e = XosKey) + 85 (K ey X32X51)}}
—[X15{X21(X32X53—d33X52)—d ( 3%y d33X51 31 X X32X51)H
[du{dzz(dudss_aztsxszt) Xy (X5 = 345)(52)"'325 KipXey = d44X52)}}
‘H (1'2’4’5)‘2 |:X12{X21 d,,ds; -2 ) Xog (a5 = Bugey) + s (K, X, = d44X51)};
+[)(14{)(21 X42d55_a45X52)_d22(X41d55 a45X51 41 Xy = Kipkey i
_|:X15{X21 42X54_d44xsz) g (XX, = Quaksy) + Xou (XyXey = XiXey)

|H(1,3,4,5)|=

—+

1
]

(
(
(
[dn{d%(dﬂd%—a45x54)—x34(a43d55 B Xeq) + X (Aeke, — O
(
(
(

)
)
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[0 {dy (0l - 54) X, (8, - a45x53)+x35(a43 -0k |

H(2345) [azs{x32(d44d Xy (Kl ~ Ky st)”

+[x24{x32(a43d55 d33(x42d&.f>—a4t.,x52 (X, Xes a43x52)}}

[alzs{xsz(a%xs‘1 )~ O (KX = ) + Xy (X hey ~ %)

Since X; =0

IH(12)|=d,d,, >0
IH(1,3)= d,,d;, >0
IH(14)|=d,d,, >0
IH(15)|= d,dgs >0
IH(2,3) = d,,dy; >0
IH(2,4)|=d,d,, >0
IH(2,5)|= d,,ds >0
IH(3,4)|= dyd,, >0
IH(3,5)|= dyydgs =0
IH(4,5)|= d,,ds >0

22|Page


http://www.mathresearchjournal.com/

[ international Journal of Applied Mathematics and Numerical Research

d { 33( 44d 45 54) ( 43d55 a45x53)+x35 43 54 d44x53}

a23 X32 d44d55 a45)(4 X34 X42d55 a45)(52 +X35 4 54 X52

a25 X32 a43x54 d44X53 d33 42 54 44 52 +X34 4 53 a43x52

A, (d

bl - )
+x24{x32(a43d55 Bty )~ O (Xl ~ ueke) + Xeg (KX a43x52)}

{al - )}

{d(d )

X21 Oy (g — 5K, ) = Xy (Bges — Bughes) + Xes (@ d44X53>
323{X31(d44 X34 (Xl =Xy )+ X (X ke, = X51)}
Xy
+)(24{)(31(5‘43(155 Oy (s — gy ) + X5 (XX a43X51)}
I aZS{X3l(a43X54 d44X53 s (Mu¥es = gy ) 4 X, (KX a43X51)}
—X21{X32(d4d 45X54) Xy (Xillss =By )+ Xes (K d44X52)}
" dzz{xs1(d uss a45X54 Xy (Xl =Xy )+ X (X, X, - X51)}
+X24{X31(X42d55 X (Xyhss = Bughey) + Xeg (X X X42X51)}
I aZS{X31(X42X54 d44xsz X (XX = X)Xy (XX X42X51)}
—X21<X32(a43d55 a45X53) 0y (s = i)+ X (XK a43)(52)}
+Xeg (X hes = X51)}

+)(35( 41752 X42X51 }

) dzz{xn Ayl - a45X53 0y (X, s — ek

; +"’123{)(31 X42d55 ks 3(X41d55 Bk )

‘H (11 2,3, 4,5)‘ I a25{X31( KioXes = a43X52 oo (KXo ~ ey ) + 0 (K X, X42X51)}

_X {st(a43X54 dy, 53) Oy (X hey = Gy ) + X (XK =2 52}
dzz{xm( 8,5k, X53 Oy (X ey = X)Xy (g = XSI)}
+323{X31(X42X54 d44X52 X (XK = Gy )+ Xy (X X, X42X51)}

b

X24 XSl 42X53 43X52 XGZ 41X53 a43X51)+d33( 41X52 X42X 1)}

s

H(123)= d11d22d3_0
|H(L2,4)= dy,d,,d,, >0
|H(L2,5)|= d,,d,,d; >0
|H(13,4) = dy,d,d,, >0
|H(1,3,5)|= dy;dy0s >0
|H(1.4,5)| = dy,d,dss >0

IH(2,3,4)|= d,dyd,, >0
|H(2,3,5)|=0d,,0;05 >0
|H(2,4,5)|=d,,d,,ds >0

[ (
IH(1,2,3,4)|=d,,d,,d,,d,, >0
IH(1,2,3,5)|=d,d,,d;,de >0

55 =

3,4,5)|=0dy0d,,dgs 20

5 =

www.mathresearchjournal.com
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|H(1,2,4,5)|=d,,d,,d,,dss >0
IH(1,3,4,5)|=d,,d.,d,,dss >0

|H(2,3,4,5)| =d,,d;,d,,,0 >0

IH(L2,3,4,5)|=d,,d,,d,d,,dg; >0

Principle minors all non-negative, the digraph has zero completion into an "~ 9 -matrix.

la

k2
L ]
Y
.
th

3 v e 4

Fig 11:
dy X, X Xy s |
X Oy By Xy 8y
I=| Xy Xy Uy Xy Xgg
Xy Xgp 8y d X5
[ %51 X5 Xi3 8y dg i

Apart from s now X5 and X4 now %4 ,all the other entries are similar to those in Case 2.10 thus we only consider submatrices
that have 4 and 5.

. . o M . :
All are non-negative so there is a zero completion intoan 9 -matrix for the digraph.

5. Di-graphs without Mo — Completion

e o4

Fig 12:
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oA, X Xy X
Xy O X X By
A=lXy Xy Oy Xy X
X Xy Xz Oy Xy

|81 85 Xsz Xy ds i

We show that A has no MO -completion Let

1 -2 x d z
f 2 v k -1
A=lh s 1 b m
n r gl p
-1 -2 v w 1 |
A(L2)_242f
\A(1,3)‘ -1-hx
‘A(l"‘)‘:l—dn
‘A(115)‘:1+Z
‘A(2’3)‘:2—vs
‘A(2’4)‘:2—rk
‘A(3'4)L1—gb
A(4.5)]_1- pw
|A(L2,5)_100)+2(f 1)+ 2(-2f +2)
_—2+2f +2z-27f <O,since f<0'z<o

which proves that the digraph has no MO -completion.

le

[ o]

cqt——

Fig 13:
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dy @, X5 Xy o Xg
X21 d22 X23 X24 a25
B=|Xy Xy d33 Xy X5
X41 X42 X43 d 44 X45
L aSl a52 X53 X54 d 55 _|
We show that B has no MO -completion Let
1 b x g r |
m1l -2 k v
B=|z f 2 -3 w
n h y 0 -1
'j -1 d s 1|
B(1,2)|= 1-bm
B(1,3)|= 2-xz
‘8(1,4)‘:O—ng =-ng <0since g<0,n<0
B(2,3)|=2+2f
B(2,4)|=0—hk =—hk <0 since h<0,k <0

Therefore, there is no MO -completion for the digraph.

le
2o, > [ 5
Je o
Fig 14:
Ay X, X Xy X |
X21 d22 X23 X24 a25
C=lX%Xy Xy d33 Xy X35
X41 X42 X43 44 a'45
_X51 a52 X53 a54 d55_
We show that it has no MO -completion Let
1 p wy t |
x 1 v .m -1
C=/s r 1 d e
h a g 2 =2
f 2 j -1 2
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C(12)[=1-px

IC(L3)|=1-sw

C(1,4)[= 2-hy

C(14)|= 2 ft

C(2,3)=1-rv

IC(2.4)=2—am

IC(2,5)[=0

IC(3,4)=2-dg

c(4.5)=2
IC(2,4,5)|=1(4-2)-m(2a—4)-1(-a+4)

= (-2—2am+4m+a) <0 since a<0,m<0

Therefore, there is no MO -completion for this digraph.

6. Conclusion
This study investigated non-isomorphic digraphs with five vertices and four arcs and established that all associated partial

matrices that are not cycles admits MO -completion whereas those corresponding to cyclic digraphs do not.
Further research can be done to verify whether the same conclusion applies to matrices of order 5 x 5 with more than 4 edges
and also matrices of higher order, that is, 6 x 6 and above.
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