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1. Introduction

Equicontinuity is a core concept in topological dynamical systems for characterizing orbit stability over long times. It contrasts
sharply with chaos and sensitive dependence on initial conditions, and is widely studied in this field (Gottschalk and Hedlund,
1955) M, (Good et al., 2020) 21, Classical global equicontinuity is too restrictive to model systems whose orbits only separate at
sparse times. To overcome this drawback, Fomin (1951) ! first proposed the concept of mean stability. Li et al. (2015) ™ later
developed mean equicontinuity, which describes statistical orbital deviations using Cesaro averages. Based on these works, Li
and Tu (2021) Bl defined density-equicontinuity and almost density-equicontinuity. They adopt upper density to measure how
sparse the divergence time sets of orbits are, establishing a framework for analyzing statistical stability.

Two core chaos definitions prevail in topological dynamics. Li-Yorke chaos and Devaney chaos. Li and Yorke (1975) [
established the rigorous mathematical definition of chaos together with the well-known ‘period three implies chaos’ result, which
describes dynamical disorder through uncountable scrambled sets. Later, Devaney (1989) [ put forward a topological chaos
definition relying on transitivity, dense periodic points and sensitive dependence. Banks et al. (1992) ©®! further verified that the
first two conditions inherently imply sensitivity. Huang and Ye (2002) ¥ proved that any Devaney chaotic system defined on
an infinite compact metric space contains uncountable Li-Yorke scrambled pairs. Shi and Chen (2009) 1 systematically
extended the above two classical chaotic frameworks to the setting of time-varying (i.e. non-autonomous) discrete dynamical
systems. Although existing studies have discussed the inheritance of chaotic features for time-varying product systems (Pi et al.,
2023) M (Anwar et al., 2022) I little literature connects density-based statistical stability with the suppression of chaos.

In our previous work (Zhang et al., 2026) 31 on autonomous systems, the equivalence of mean equicontinuity, density-t -
equicontinuity for all t<[0,1), and almost density-equicontinuity were proved. Moreover, two results were obtained. That is,

minimal density-equicontinuous systems admit no Devaney chaos, while all density-equicontinuous systems have Li-Yorke
scrambled pairs with zero upper density.
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Autonomous systems cannot model evolution with time-
varying perturbations. Time-varying discrete dynamical
system (T-VDDSs) were pioneered by Kolyada and Snoha
(1996) [4, Existing literature investigates transitivity,
Existing literature investigates transitivity, chaoticity, and
their product inheritance (Pi et al., 2023) 14, (Kolyada and
Snoha, 1996}, yet research on density-based statistical
stability remains insufficient. Time-varying product systems
are widely adopted to analyze multi-component non-
autonomous evolutions(Wang et al., 2012) %1, (Gu et al.,
2021). The inheritance of topological properties on product
spaces is a central topic in T-VDDSs, and most existing
works focus on transitivity, shadowing and sensitive
dependence on initial conditions (Pi et al., 2023) ', (Anwar
et al., 2022) 2, Minimality shapes the global dynamical
behaviors of systems. Current research has not explored the
mutual restriction between density stability and Devaney, Li-
Yorke chaos under product minimality, nor studied whether
product systems composed of density-stable factors admit Li-
Yorke pairs. Examples constructed via Weyl equidistribution
and subadditivity of upper density can supplement the
corresponding theoretical proofs(Galatolo Sorrentino, 2022)
[17]

This paper centers its investigation on two core questions:
How will the density-based equicontinuity of the factor
systems constrain the Li-Yorke chaos and Devaney chaos
characteristics of the time-varying product system?
Conversely, what constraints does the emergence of chaos in
a product system impose on the density-based equicontinuous
properties of its factor components?

2. Preliminaries

Some density-based equicontinuity and the fundamental
notations for the analysis of T-VDDS product systems are
presented in this section.

2.1. Upper density of number set.
Let N={1,2,3,..} denote the set of all positive integers,

and Z = NuU{0} represents the collection of non-negative

integers. For any subset S < N, we adopt the following
definition of upper density.

Definition 2.1 For an arbitrary set S < N, the upper density
D(S) is defined as

[_)(S) = ||msupw

n—oo n

where | - | stands for the cardinality of a set, which counts the

total number of elements contained in the corresponding set.
These two properties will be used repeatedly in the derivation
and proof of product space separation sets in section 3.

First, upper density possesses shift invariance. For any fixed
positive integer t, the shifted set

S+t={k+t|k eS}

obeys
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D(S +t) = D(S)

Second, the subadditive property holds for any subsets
A, B < N. In other words, the upper density of their union

is bounded above by the sum of the upper densities of the two
individual sets.

D(AUB) < D(A) + D(B).

2.2. Time-varying discrete dynamical systems (T-
VDDSs).
Suppose X denotes a compact metric space endowed with

metric d, , and {F }", stand for a sequence of continuous
self-maps defined on X .

Thetriple (X,d, ,{F. }._,) is named atime-varying discrete
dynamical system, abbreviated as T-VDDS. Forany me Z_

and positive integer k , the K -step composite iteration
starting from m is written as

F™=F,oF

m+k m+k-1 o

.oF

m+1*

Specifically, if m =0, the iteration starts from the first map
in the sequence, denoted by

Flk = Fk(O) =R oF ok

1

and F, is defined as the identity mapping id: X — X on
space X.
For any initial point X € X , the orbit under F™ (x) is

Orb(x) ={F™ (¥)|me Z, , k e N}
Given any e>0, starting moment meZ+ , a and two

distinct points X,

with orbit distance exceeding & is defined as

X, € X', the orbital separation set for steps

F™ ={keN|d, (F™ (%), F"™(x,)) > &}.

Minimality serves as a key topological condition for all
chaos-inhibition results in this work.

Definition 2.2 A T-VDDS is minimal if every point X € X

has dense orbitin X . Equivalently, the space X contains no
non-empty, closed, proper invariant subsets under the
mapping sequence {F } .

2.3. Product T-VDDS.
Definition 2.3 Let

(X, dy {F}0)

And
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(v,d,, {G .}

be two compact T-VDDSs. The product space is defined as
(XxY, p{F, xG } ),
which is endowed with the Chebyshev metric
PI(XxY)x(XxY)—>R_,
where
PG Y, (%, ¥,)) = max{d, (x, %), d, (¥, ¥,)}
for
(%, 1), (%, ¥,) € X XY

Each map F, xG, in the sequence of product maps {F, x

G, }._, is defined as
(F, xG,)(x,y) =(F,(X),G,(¥)), V(x,y) € X xY.

Since F, and G, are continuous, every product mapping

F xG, is continuous under the product topology induced by

p.
The K -step iteration of the product system starting from m
satisfies the component-wise decomposition

(FxG)" (% y) = (" (x).G" (y)),

where F™ and G{™ are the k -step iterations of {F }"

and {G,}._,, respectively. Take two points

Zl :(Xl’yl)! Zz =(X2,y2)€ X xY.

The orbital separation set of the product system reads

(FxG)™, ={keN|p((FxG)"(z,),(FxG)" (z,))> .

A straightforward set inclusion follows.

(FxG)" <F"” uG"

VY,

This inclusion will serve as the core inequality for proving
the preservation of density-equicontinuity on product spaces.

www.mathresearchjournal.com

2.4. Density-Based Equicontinuity
Density-based equicontinuities are defined as follows.

Definition 2.4 Let t €[0,1] . AT-VDDS (X,d,{F,} ) is
called density-t -equicontinuous if for arbitrary small
& >0, there exists a corresponding & >0 . For any
X, X, € X :d(X,X,) <J and every starting time me Z_,
the upper density of orbital separation set satisfies

D(F")) <1-t.

In the special case t =1, this yields the definition of density-

equicontinuity below.
Definition 2.5 A T-VDDS is density-equicontinuous if for
any £>0 , one can select 6 >0 such that, for all

X, X, € X with d(x,X,) <d andall me Z_ satisfy
D(F,)=0.

The definition of almost density-equicontinuity relies on the
following local stable point notion.

Definition 2.6 A point X, € X is a density-equicontinuous
point if for arbitrary & > 0, there exists a neighborhood U
= B(X,,0) of X;, for u,veU with d(u,v) <& and any

me Z_, the upper density of arbitrary separation set
B(F™)=0.

Definition 2.7 A T-VDDS is almost density-equicontinuous
if, there exists at least one transitive density-equicontinuous

point X, € X . Where ‘transitive point’ refers to a point
whose orbit is dense in X .

2.5. Two types of chaotic criteria.

This section concludes with standard definitions of Li-Yorke
chaos and Devaney chaos, which characterize complex
dynamical behaviors contrary to density-based equi-
continuity.

Definition 2.8 A T-VDDS is Li-Yorke chaotic if, there exists
an uncountable subset S < X without any periodic points,

for any two distinct elements X,y € S, the orbit distances
satisfy

liminfd (Flk (x), Flk (y)=0
k—o
and

limsupd(F*(x), F*(y)) > 0.

k—o0

The set S is named an uncountable scrambled set for the
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system.
Definition 2.9 A T-VDDS is Devaney chaotic if three criteria
listed below are satisfied.

e Topological Transitivity
For any pair of nonempty open subsets U,V < X , an integer
k € N exists with

F‘U)nV =D.

e Dense Asymptotically Periodic Points

Following the definition of asymptotically periodic points
introduced by Pravec (2019) ['8], the set of all asymptotically
periodic points is dense in X .

e Sensitive Dependence on Initial Conditions
There is a constant ¥ >0 , for any xe X and any

neighborhood B(X,0) of Xx one can pick a point
y € B(X,6) and aninteger k € N satisfying

d(F (0. K (M >7.

3. Main results
Let (X,d,,{F} ") and (Y,d,,{G } ) be T-VDDSs.
Their product system is

(XxY, p{F,xG } ),

endowed with the Chebyshev metric
p((xl’ yl)’ (Xz’ yz)) = max{dx (Xl’ Xz)’ dv (y17 yz)}’

forany (X,Y¥,),(X,,y,) € XxY.

Proposition 3.1 No minimal T-VDDS equipped with
density-equicontinuity can satisfy the Devaney chaos
definition.

Proof. Let (X,d, ,{F }",) isaminimal T-VDDS. Suppose
X is Devaney chaotic with sensitivity constant >0 .
Density-equicontinuity yields &, such that any X,y e X
with d, (X, y) <&, possess separation sets of upper density
zero. Together with minimality and uniform continuity of
finite iterates, d(Flkx, Flky)<7 holds for all k . This

contradicts to sensitivity. Hence X cannot be Devaney
chaotic. i

Theorem 3.1
Let

(X, d, . {F.};.)

www.mathresearchjournal.com

and

(v.d, .{G,}.)

be two T-VDDSs. If each factor system is density-
equicontinuous, and the product system

(X XY!p! {Fn XGn}::l)

is minimal, then, the product system cannot be Devaney
chaotic.
Proof. Fix any € > 0. Since X is density-equicontinuous,

then there exists a 0, > 0 such that forany X ,X, € X with
d,(X,%,)<d, andall meZ_,
D({k e N:d, (F™ (%), K™ (x,)) > }) =0.

Similarly, there exists a &, >0 for system Y . Set 5=
min{J,, 5,} . Take any

Z,=(X,¥)2,=(X,,Y,) € XxY
satisfying
p(2,,2,)<0
one has
de (6, %) <4,
and
d, (¥;,,) <6,
By definition of p,
PU(FxG)"(2),(FxG)"(2,)) > ¢
holds if and only if
dy (™ 00), K™ (%)) > &
or

d, (G (%,).G™(y,) > €.

Denote

Fm ={k e N|d, (F™(x), F™(x,)) > },
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(m) (m) (m)
G/, ={k e NId, (G,"(v,).G" (¥,)) > £}

(FxG)" ={k e N|p((FxG){™(z,),
(F xG)im)(ZZ)) > g}
The inclusion

(m) (m) (m)
(F ><G)Zl’ZZ c Fxm uG

Y1:Y2

follows directly. Subadditivity of upper density yields
D((FxG);" ) <D(F))+D(G", )=0.

Thus X xY is density-equicontinuous.
Since X xY is minimal and density-equicontinuous, by

Proposition 3.1, X xY is not Devaney chaotic.

Remark. The condition ‘product minimality’ in Theorem 3.1
is sufficient but not necessary. Example 3.1 gives a non-
minimal product system whose factor system X lacks
topological transitivity, rendering the product non-Devaney
chaotic. Besides, minimality of individual factor system does
not ensure minimality of the product system X xY , so
minimality must be required for the full product space itself.

Example 3.1 Equip X with Euclidean metric d, (S,,S,)

=|s —s,|. Set F,(s) = 32 for all ne N . Direct compu-
tation yields
" S
Fk( )(S) = 2_k

Take arbitrary ¢ >0 and choose 0, =¢&. For §,S, € X
satisfying

d, (s,s,) <9,

m m |S —S |
dX (Fk( )(Sl)’ Fk( )(SZ)):12—k2<g

holds for all meZ ,keN . This yields the orbital
separation set

Ry ={keNld, (F7(s). R () > 3=,
and thus its upper density satisfies
D(F7)=0.

Hence, X is density-equicontinuous
Equip the unit circle Y = R / Z with circular metric

d, (t,t,) =min{|t, -1, [.1-|t, -t [}.

www.mathresearchjournal.com

Fix an irrational number « € (0,1) and define
G, () =(t+a)(modl).

The K -step iteration reads
G™(t) = (t +ka) (mod1) .

Since the orbit
{t + ke (mod1)| k € N}

of every pointisdense in T, Y is minimal.

Circle rotations preserve the circular metric uniformly, which
is a fundamental isometry property detailed in (Katok and
Hasselblatt, 1995) 1, so

dY (Glﬁm) (tl)’ Glfm) (tz)) = dY (tl’tZ)
for all

meZ_ keN.
Pick &, =& . If

d,(t.,t) <0,
then every iterate satisfies

d, (G (t,),G\™(t,)) < .

Thus G/, =@ and D(G})=0. Hence, Y is density-

2t
equicontinuous.
Given ¢ >0, let
o=min{o,,9,}.
Take arbitrary

z=(s,t), z,=(s,,t,) e XxY

with
p(2,,2,)<9.

Then,

d, (s,,s,) <9,
and

d,(t,t) <o, .

The Chebyshev metric implies
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(m) (m) (m)
(F XG)Zlez = Fsl,sz uthvtz .

Applying subadditivity of upper density, one has
D((F x G)(m’ ) < 5(':5(:)) + 5(GfT) =0.

So, X xY is density-equicontinuous.
While, select open subsets

U=(051],V =(0.9,1) c X .

Forany meZ_, k e N, one has

F™(U)<[0,0.5]
which gives
F"U)nV =0.
The corresponding product open sets satisfy

(FxG)™UxY)N(V xY)=0

forall meZ_, ke N. Topological transitivity fails. So,

X xY cannot be Devaney chaotic.

This example shows that the product of two density-
equicontinuous systems still carries density-equicontinuity,
even though the product system fails minimality and cannot
be Devaney chaotic.

Proposition 3.2 Let

(X, dy AR}

and

(v.d, G }.)

be two T-VDDSs. If the product system is minimal, then both
factor systems are minimal.

Proof. For a T-VDDS, minimality is equivalent to every point
having dense orbit. Assume X xY is minimal. Take
arbitrary xe X and a fixed y, €Y , then (X,y,) is a
transitive point of the product system. By fundamental
properties of continuous projections in general topology

(Kelley, 2017) % continuous maps commute with set
closures, then

Orb(x) = 7, (Orb(x, y,)) = 7, (Orb(x, y,))

=7, (X,Y)=X.

www.mathresearchjournal.com

Since X is arbitrary, one obtains that X is minimal. The

same reasoning applies to the system Y . i

Remark. Minimality of both factor systems do not guarantee
minimality of the product system.

Corollary 3.1 Let X,Y be T-VDDSs and X xY is
minimal. If X xY is Devaney chaotic, then at least one of
X,Y fails density-equicontinuous.

Proof. Assume conversely that X xY is minimal and
Devaney chaotic, and both X,Y are density-
equicontinuous. By Theorem 3.1, the product system is
density-equicontinuous. Combined with minimality and
Proposition 3.1, X xY cannot be Devaney chaotic. This
contradiction completes the proof. 0

Corollary 3.2 Let X,Y beT-VDDSand X xY isminimal.
If X is Devaney chaotic, then X is not density-
equicontinuous.

Proof. Since X xY is minimal, Proposition 3.2 derives that
X is minimal. If X is density-equicontinuous, Proposition
3.1 ensures that X is free of Devaney chaos, which
contradicts that X is Devaney chaotic. Hence, X is not

density-equicontinuous. ]
Theorem 32 Let (X,d{F}_) be a
equicontinuous T-VDDS. Denote

density-

LY = {(x, y) e X x X|Iirkninf d(F(x),F(y)) =0,

limsupd(F"(x), F“(y)) > 0}.

k—o

Forany (X,y) e LY, write

n = limsupd(F*(x), F“(y))

k—o0

and
G={ne N|d(F1”(x), E"(y)) > n}.
Then,
D(G) =0.
Proof. By the definition of the upper limit, G is infinite.

Fix ¢ = % By density-equicontinuity of the system, there

existsa o > 0 such that for u,ve X with d(u,v) <J and
al meZ_,

D({se N|d (FS('“) (w), FS(”‘) (v)) >e})=0.
Since
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liminf d (' (), F () =0,
pick k, € N and set
u=F°(x), v=F"“(y),
one has d(u,v) <J. Let
S={ne N|d(Fln(X), F'(y)) > €},
S'={seN|d (FY (u), F (v)) > £}

={se N|d(Flk°+s(x), F1k°+s(y)) > ¢}
Iteration composition yields
S'={seN|k, +s€S}.
Shift invariance of upper density gives
D(S)=D(S')=0.
Since G < S, monotonicity of upper density yields
D(G) < D(S) =0.
Hence, D(G) =0. U
Corollary 3.3 Let
(X, d.{F.}.)

be a minimal density-equicontinuous T-VDDS. Then X
contains no Li-Yorke pairs, hence the system is not Li-Yorke
chaotic.

Proof. Assume conversely that there exists a Li-Yorke pair

(x,y)e LY.
Set
n =limsupd(F x, Fy) >0
koseo
and

G={neN|d(E"x,F"y) > 7}.

By Theorem 3.2, [_)(G) =0, which means large separa-tions

above 7 occur only on a zero-density set of iterations.
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Since the system is minimal, the orbit of (X, y) is dense in
X x X, together with zero upper density separation sets

D(G) =0,
yield

limsupd(Fx, Fy) =0

k—o0

forany (x,y) e LY.

This contradicts to 7 > 0 . Hence, no Li-Yorke pairs exist in
x [

Theorem 3.3 Let X , Y be T-VDDSs, and the product
system X xY is minimal. If X xY admits a Li-Yorke pair,
then at least one of X , Y is not density-equicontinuous.
Proof. Assume conversely that both X and Y are density-
equicontinuous.

By Theorem 3.1, the product system X xY is also density-
equicontinuous.

Since X xY is minimal, Proposition 3.2 yields that the
factor systems X and Y are both minimal.

Then, X xY isaminimal density-equicontinuous T-VDDS.
Corollary 3.3 guarantees that X xY possesses no Li-Yorke
scrambled pairs.

This contradicts to the existence of a Li-Yorke pairin X xY
Therefore, at least one of X , Y is not density-

equicontinuous. 0

Corollary 3.4 Let X , Y be T-VDDSs and X xY is
minimal. If both X and Y are density-equicontinuous, then
there exists no Li-Yorke pairin X xY .

Proof. This is the contrapositive statement of Theorem 3.3.

Corollary 35 Let X , Y be minimal, density-
equicontinuous T-VDDSs. If the product system X xY is
minimal, then X xY is neither Devaney chaotic nor Li-
Yorke chaotic.

Proof. Since X, Y are density-equicontinuous and X xY
is minimal, Theorem 3.1 ensures that X xY cannot be
Devaney chaotic. Meanwhile, Corollary 3.4 yields no Li-
Yorke pairs exist in X xY , so X xY is not Li-Yorke

chaotic. ]

Remark. All preceding theorems rely on two key
assumptions. The one is that both factors are density-
equicontinuous, another is that the product system is
minimal. It is natural to investigate mixed product systems
consisting of a density-equicontinuous factor system and a
almost density-equicontinuous factor system along with no
product minimality. Example 3.6 below constructs such a
non-minimal product system and demonstrates that such
mixed settings exhibit complex chaos behaviors.

Example 3.6 Let X =[0,1] be equipped with Euclidean

metric d, . Define the constant mapping sequence F (X)

X
= E forall ne N . As verified in Example 3.1, take 0 = ¢
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forany £ >0.Forany X,X, € X with

d, (x,x,)<d,

the separation set F," is empty and D(F,")) =0. The T-
VDDS X satisfies Definition 2.5 and
equicontinuous.

Let Y =T =R/ Z denote the unit circle, also denoted by
S' (Galatolo and Sorrentino, 2022) &7, The following
identifies this space with the half-open interval [0,1) , where

the endpoints 0 and 1 represent the same point, and equip it
with the standard circular metric.

is density-

dY (yl’ yz) = mln{l y1 - yz |1 1_| y1 - yz |}
Fix an irrational number

S e(0,05).

For each ne N, the continuous self map G :Y =Y is
defined piecewise by

y €[0,0.5],

6.0~ {(yw) (mod 1),
y € (0.5,2).

0.5+ 8 —-2pB(y-0.5),

The translation on [0,0.5] and linear function on (0.5,1)
are continuous on their respective open intervals. The left and
right limits at y=0.5 both equal 0.5+ , so G, is
continuous on the whole circle. Thus, (Y,d,.{G }_ )

forms a T-VDDS. In what follows, we verify the main
dynamical properties of Y sequentially.

Take any point Yy, € (0,0.5). The orbit

{(y, +kp) (mod1)| k e N}

is dense on T . This classical property of irrational rotations
is widely adopted (Galatolo and Sorrentino, 2022) '], which

implies Y, is a transitive point of Y .
Given arbitrary & > 0, select a neighborhood U < (0,0.5)
of t, with diameter smaller than ¢ . For any Y,,Y, €U

satisfying d, (y,,Y,) <&, circular distances are preserved
under irrational translation

d, (G (v).G™(y,) =d, (v, Y,)

forany me Z ke N.

Hence, Y is almost density-equicontinuous.
Pick

y,=0,y,=05€[0,0.9]

www.mathresearchjournal.com

and fix ¢, =0.05. Forany meZ _,keN,
G (y,) = kB(mod1),

G™(y,)=05+p.
The separation set reads

G(m)

0,05

={k e N|d, (k(mod1),0.5+ 3) > 0.05}.

By Weyl's equidistribution theorem (Katok and Hasselblatt,
1995) 191 {k B(mod1)} is uniformly distributed on T . Let

| ={y e T|d, (y,0.5+ ) >0.05},
whose Lebesgue length
|1=1-2%x0.05=0.9>0.

Uniform distribution implies
.1
th#{ls k < N|kB(modl) e 1}=0.9,
N —ow

So,

D(G™)=0.9>0.

0,05
This violates density-equicontinuity, which requires
Sy _
D(Gy1vyz) - O

for any nearby points y,,y, €Y .
Solve the fixed-point equation G, (y) =y over (0.5,1),

05+p4-28(y-05) =y
Then,

~ 05+2p
1+28

Since 0< <05, the root Yy lies in (0.5,0.75) c

(0.5,1) . The orbit of Yy is the singleton y~ and cannot be

dense on T . Hence, Y is non-minimal.
Consider the product system X xY
Chebyshev metric o, choose two points

equipped with

z,=(0,0), z,=(L0.5)

from X xY , foreach k € N, one has
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(FxG)™(z,) = (0, kB (mod 1)),

(FxG)™(z,) = (Zik,o.sufj.

The product metric yields

P(FxG)"(2),(FxG),"(z,))

= max {Zik d, (kf(mod1),0.5+ ﬁ)}.

1
As k — oo, the term 2—k converges to zero. Density of

{kp(mod1)}

on T guarantees a subsequence {k;},_ satisfy

jeN
d, (k,A(mod1),0.5+ 8) —>0.
This leads to

liminf p((F xG)" (z,), (F xG){” (2,)) =0.

The next verifies the upper limit is strictly positive by
contradiction. Suppose for every ¢ > 0, only finitely many
integers Kk satisfy

d, (kB(mod1),05+ p)>5.

For sufficiently large k.

d, (kB(mod1),05+ B) <&
holds for arbitrarily small © . Taking © —> O, then

kg(modl) > 0.5+

as k — oo . This contradicts to the density of irrational
rotation orbits, which cannot converge to a single point.

Therefore, there exists a constant &, >0 and an infinite
subsequence {k:},_, with

dY (k;ﬂ(mod 1,05+ p5) > 0,.
one thus obtains

limsup p((F xG)™(z,), (FxG)™(z,)) > 5, > 0.

k—o

By Definition 2.6, the pair (z,,z,) forms a Li-Yorke pair in
X xY.

www.mathresearchjournal.com

This construction only allows the existence of Li-Yorke
chaos for the product system. While, the fixed point

y" €(0.5,1) breaks topological transitivity on both Y and
X xY . So, the product cannot be Devaney chaotic.

4. Conclusions and Further Discussions

This paper establishes the mutual restrictive mechanism
between density statistical stability and chaos for minimal
time-varying product systems. If a product system induced by
two density-equicontinuous factor systems is minimal, it
inherits density-equicontinuity and excludes both Devaney
and Li-Yorke chaos. Conversely, any minimal product
system possessing Li-Yorke pairs or Devaney chaos must
contain at least one factor system without density-
equicontinuity. Examples verify that a product system,
induced by a density-equicontinuous and an almost density-
equicontinuous factor systems, may has Li-Yorke pairs, but
not Devaney chaos. There are some further research
directions, for example, under the minimality assumption of
a time-varying system, can we establish relationships
between various density-based equicontinuity? What is the
chaos criterion for equicontinuous systems?
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