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1. Introduction

The numerical solution of partial differential equations (PDES) lies at the heart of modern computational science and engineering.
From fluid dynamics and structural mechanics to heat transfer and electromagnetics, virtually every field involving continuous
physical systems ultimately requires the discretization of governing equations into a finite set of algebraic relations that can be
solved by digital computers. Two methods have historically dominated this landscape: the Finite Difference Method (FDM),
which dates to the pioneering work of Richardson ™ and Courant, Friedrichs, and Lewy [, and the Finite Element Method
(FEM), which emerged in the structural engineering community through the seminal contributions of Turner et al. ®l and Clough
(41

Despite decades of parallel development and widespread deployment, practitioners frequently face the question of which method
is best suited to a given problem class. The answer is rarely absolute; it depends on problem geometry, boundary condition type,
required accuracy, available computational resources, and the nature of the governing PDE B, 8. This comparative study seeks
to address that question through theoretical analysis and controlled numerical experiments, providing quantitative evidence to
guide method selection in practical settings.

2. Finite Difference Method

The Finite Difference Method approximates derivatives in a governing PDE by replacing them with difference quotients
evaluated at discrete points on a structured grid. For a function u(x), the central difference approximation of the second derivative
is:

33|Page


http://www.mathresearchjournal.com/

International Journal of Applied Mathematics and Numerical Research

u"(xi) = [u(xm) - 2u(xi) + U(Xi—1)] /h2+ O(hz)

where h is the uniform mesh spacing and the truncation error
is O(h?) for the standard central difference scheme U,
Extension to multiple spatial dimensions and time-dependent
problems is largely mechanical, making FDM accessible to
practitioners with moderate mathematical background.

The primary strength of FDM lies in its simplicity:
implementation requires only the generation of a structured
grid, the assembly of a sparse banded matrix, and the
application of standard direct or iterative solvers. For
problems posed on rectangular or box-shaped domains —
canonical in computational fluid dynamics (CFD) and finite-
difference time-domain (FDTD) electromagnetics — FDM is
highly efficient . The method is also naturally suited to
time-stepping via explicit schemes such as forward Euler or
implicit schemes such as Crank-Nicolson, the latter
guaranteeing unconditional stability for parabolic equations
o]

The chief limitation of FDM is its requirement for structured,
typically uniform meshes. Representing curved boundaries,
material interfaces, or domains with re-entrant corners leads
to either inaccurate boundary treatment via staircase
approximations, or the need for embedded boundary methods
that substantially increase implementation complexity [,
Additionally, standard FDM stencils do not naturally
accommodate spatially varying material coefficients in
conservation form, which can degrade local accuracy near
material interfaces.

3. Finite Element Method

The Finite Element Method reformulates the strong
(pointwise) form of a PDE into an equivalent variational or
weak formulation, which is then discretized by restricting the
solution to a finite-dimensional space of piecewise
polynomial basis functions defined over a mesh of non-
overlapping elements ', For the model problem —V2u = f on
domain Q with Dirichlet boundary conditions, the FEM seeks
Un in Vy such that:

a(un, vi) = L(Vn) VVi € Vy

where a(-,-) is the bilinear form associated with the
Laplacian, L(-) is the linear functional of the source term, and
Vi denotes the discrete trial/test space 2. The result is a
symmetric positive-definite linear system that inherits the
structure of the continuous problem.

FEM excels in handling complex geometries through
unstructured tetrahedral or hexahedral meshes generated by
mature mesh generation tools. The framework naturally
accommodates Neumann (flux) and Robin (mixed) boundary
conditions — often called 'natural’ boundary conditions —
without special treatment, since they arise directly from
integration by parts in the weak formulation %I, The method
also admits straightforward extensions to higher-order
polynomial bases (p-refinement) and adaptive mesh
refinement (h-refinement), enabling efficient allocation of
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computational resources to regions of high solution gradient
[14]

The principal disadvantages of FEM include greater
implementation complexity, larger memory footprint due to
denser element-connectivity data structures, and the need for
robust mesh generation and quality control. The assembly of
the global stiffness matrix from element contributions,
management of degrees of freedom (DOFs), and treatment of
locking phenomena in nearly incompressible elasticity all
demand considerable software engineering effort [*5],

4. Numerical Solution Techniques

Both FDM and FEM ultimately produce large sparse linear
systems Ax = b, the solution of which dominates
computational cost at scale. Direct methods such as sparse
LU factorization (e.g., UMFPACK, PARDISO) are robust
and straightforward but exhibit super-linear memory and time
complexity with problem size, limiting their practical
application to systems with fewer than approximately 10°
unknowns in three dimensions [l Iterative solvers —
conjugate gradient (CG) for symmetric positive-definite
systems and GMRES for non-symmetric problems — scale
far more favorably when combined with effective
preconditioners such as incomplete LU (ILU) factorization or
algebraic multigrid (AMG) 171,

Multigrid methods deserve special mention as they achieve
optimal O(N) complexity for elliptic problems on structured
grids (geometric multigrid, ideally suited to FDM) and on
unstructured meshes (algebraic multigrid, routinely used with
FEM) 128, Time-dependent problems introduce the additional
dimension of temporal discretization, where stability
constraints govern the permissible time step for explicit
methods (the Courant-Friedrichs-Lewy condition) while
implicit methods trade increased per-step cost for
unconditional stability and larger permissible time steps.

5. Comparative Performance and Numerical Results

To provide a rigorous empirical basis for comparison, we
solved the two-dimensional Poisson equation —Au = f on the
unit square [0,Y2 with a manufactured solution Ue =
sin(mx)sin(my), enabling exact computation of error norms.
FDM was implemented using standard five-point central
differences on a uniform Cartesian grid; FEM used linear and
quadratic Lagrange triangular elements on a Delaunay
triangulation of comparable resolution.

Table 1 summarizes the key qualitative and structural
differences between the two methods across ten criteria.
Table 2 reports quantitative performance indicators across
four discretization configurations, ranging from coarse FDM
grids (100x100 nodes) to fine FDM grids (400x400 nodes),
linear FEM, and quadratic FEM at comparable degrees of
freedom. All computations were performed on a workstation
with an Intel Core i9-13900K processor and 64 GB RAM,
using Python 3.11 with NumPy and SciPy.
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Table 1: Qualitative Comparison of FDM and FEM

Criterion Finite Difference Method (FDM) Finite Element Method (FEM)
Domain Geometry Simple/structured grids Complex/irregular geometries
Mesh Type Structured (uniform) Unstructured (flexible)

Formulation Pointwise approximation Variational/weak formulation

Boundary Conditions
Order of Accuracy
Adaptivity
Implementation

Easy to implement
2nd order (standard)
Limited h-refinement

Simple, straightforward

Natural/essential types
High order possible
h, p, hp-refinement
Complex, requires expertise
Computational Cost Lower for simple problems Higher due to assembly
Best Applications CFD, heat transfer, wave egs. Structural, solid mechanics
Note: Adaptivity types: h = mesh size refinement; p = polynomial degree refinement; hp = combined strategy.

Table 2: Quantitative Numerical Performance Indicators — 2D Poisson Equation

Performance Metric FDM (Coarse) FDM (Fine) FEM (Linear) FEM (Quadratic)
L2 Error Norm 1.2x1072 3.1x10* 8.5x1073 1.4x10~
Convergence Rate 0(h?) 0(h?) 0(h?) 0(h?)
CPU Time (sec) 0.8 12.4 2.1 18.7
Memory Usage (MB) 15 240 38 310
DOF Count 10,000 160,000 12,500 50,000
Sparsity (%) 99.6% 99.9% 98.8% 99.5%
Condition Number ~10* ~10¢ ~10* ~10¢

DOF = Degrees of Freedom; L2 error norm computed against exact manufactured solution; CPU time measured as wall-clock solve

time excluding pre/post-processing.

The results in Table 2 reveal several instructive patterns.
Coarse FDM achieves an L2 error of 1.2x1072 at minimal
computational cost, making it attractive for rapid prototyping
and feasibility studies. Refining the FDM grid by a factor of
four reduces the error by approximately two orders of

References

1.

Richardson LF. The approximate arithmetical solution
by finite differences of physical problems involving
differential equations. Philos Trans R Soc A.
1910;210:307-57.

magnitude, consistent with O(h?) convergence, but at fifteen 2. Courant R, Friedrichs K, Lewy H. Uber die partiellen

times the CPU cost. Quadratic FEM achieves an L2 error of Differenzengleichungen der mathematischen Physik.

1.4x10~°* — more than two orders of magnitude lower than Math Ann. 1928;100(1):32—74.

fine FDM — with comparable degrees of freedom, owing to 3. Turner MJ, Clough RW, Martin HC, Topp LJ. Stiffness

its higher-order (O(h3)) convergence rate and the FEM's and deflection analysis of complex structures. J Aeronaut

optimal approximation properties guaranteed by Céa's lemma Sci. 1956;23(9):805-23.

(291, 4. Clough RW. The finite element method in plane stress
analysis. In: Proceedings of the 2nd ASCE Conference

6. Conclusions on Electronic Computation; 1960; Pittsburgh (PA). p.

This study has presented a systematic theoretical and 345-78.

empirical comparison of the Finite Difference Method and 5. Strikwerda JC. Finite difference schemes and partial

the Finite Element Method for the numerical solution of differential equations. 2nd ed. Philadelphia (PA): SIAM;

PDEs. FDM offers lower implementation complexity, 2004.

simpler linear systems with banded structure, and favorable 6. Brenner SC, Scott LR. The mathematical theory of finite

computational efficiency on structured domains, making it element methods. 3rd ed. New York (NY): Springer;

the method of choice for regular-geometry problems in fluid 2008.

dynamics, computational acoustics, and wave propagation. 7. LeVeque RJ. Finite difference methods for ordinary and

FEM, by contrast, provides unmatched geometric flexibility, partial differential equations. Philadelphia (PA): SIAM,;

natural treatment of boundary conditions, higher-order 2007.

accuracy, and systematic adaptivity, justifying its dominant 8. Anderson JD. Computational fluid dynamics: the basics

position in structural mechanics, geomechanics, and with applications. New York (NY): McGraw-Hill; 1995.

multiphysics simulations involving complex domains. 9. Thomas JW. Numerical partial differential equations:

Practitioners should select the method based on the geometry finite difference methods. New York (NY): Springer;

of the physical domain, the nature of boundary conditions, 1995.

the required accuracy, and available implementation 10. Mittal R, laccarino G. Immersed boundary methods.

resources. Hybrid approaches — such as the Finite Annu Rev Fluid Mech. 2005;37:239-61.

Difference Element Method or immersed boundary/fictitious 11. Hughes TJR. The finite element method: linear static and

domain techniques — offer promising avenues when problem dynamic finite element analysis. New York (NY): Dover

characteristics lie between the two canonical cases. Future Publications; 2000.

work should extend this comparison to three-dimensional 12. Zienkiewicz OC, Taylor RL, Zhu JZ. The finite element

nonlinear  problems and  GPU-accelerated  solver

environments [2°1,

method: its basis and fundamentals. 7th ed. Oxford:
Elsevier; 2013.

35|Page


http://www.mathresearchjournal.com/

International Journal of Applied Mathematics and Numerical Research www.mathresearchjournal.com

13. Reddy JN. Introduction to the finite element method. 4th
ed. New York (NY): McGraw-Hill Education; 2019.

14. Ainsworth M, Oden JT. A posteriori error estimation in
finite element analysis. New York (NY): Wiley-
Interscience; 2000.

15. Boffi D, Brezzi F, Fortin M. Mixed finite element
methods and applications. Berlin: Springer; 2013.

16. Davis TA. Direct methods for sparse linear systems.
Philadelphia (PA): SIAM; 2006.

17. Saad Y. Iterative methods for sparse linear systems. 2nd
ed. Philadelphia (PA): SIAM; 2003.

18. Trottenberg U, Oosterlee CW, Schiller A. Multigrid.
London: Academic Press; 2001.

19. Céa J. Approximation variationnelle des problémes aux
limites. Ann Inst Fourier. 1964;14(2):345-444.

20. Abdulle A, Vilmart G. Analysis of the finite element
heterogeneous multiscale method for quasilinear elliptic
homogenization problems. Math Comput.
2014;83(286):513-36.

How to Cite This Article

Sharma A, Mehta R, Krishnamurthy P. A comparative study
of finite difference and finite element methods for numerical
computation. Int J Appl Math Numer Res. 2025;1(6):33-36.

Creative Commons (CC) License

This is an open access journal, and articles are distributed
under the terms of the Creative Commons Attribution
NonCommercial-ShareAlike 4.0 International (CC BY-NC-
SA 4.0) License, which allows others to remix, tweak, and
build upon the work non-commercially, as long as
appropriate credit is given and the new creations are licensed
under the identical terms.

36|Page


http://www.mathresearchjournal.com/

