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1. Introduction

The theory of infinite matrices occupies a central role in functional analysis, particularly in the study of sequence spaces and
summability methods. Classically, infinite matrices arise as natural representations of linear operators between sequence spaces,
and their properties such as boundedness, regularity, and conservativeness. The concept of infinite matrix A = (a,;) which
defines a linear transformation from one sequence space into another sequence space lies at the heart of many summability
methods. If the new sequence say {t,}, where t, = Y7, an,x; converges, then, the original sequence or series is said to be
summable by the method A = (a,,;). These infinite matrices transform some divergent sequences and series into convergent
ones under some conditions called regularity conditions given by Silverman-Toeplitz. If original limits remain unchanged under
matrix transformations then the infinite matrices are called conservative and the matrices are said to satisfy the conservativeness
conditions provided by Kojima — Schur.

Theorem 1.1 (regularity): The matrix A = (ay,) is regular if the following conditions are satisfied:
i, Yrqilan| <ooforeachn = 1,2, ..
ii. lima, =0

n-oo

i, lim Y7 a,, =1
n—-oo
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Theorem 1.2 (conservativeness): Let A = (ax),nk =
0,1,2,3,..is an infinite matrix. Then, A = (a,)is
conservative matrix if and only if,
1. llm ank = Ak

n—-oo
2. LimYZ,a,; =4

n—-oo

3. SuplXp-ian] <M < oforeachn = 1,2,

Since transforming a sequence and series into another
sequence and series which may have more chance to
converge by assigning meaningful values to the divergent
sequences and series under the given transformation are the
main goal of summability theory, this paper focuses on the
study of the fixed-point structure of three infinite matrices by
classifying each fixed point as either a source or a sink fixed
point. Further, stability analysis was performed, designating
each fixed point to be either stable or unstable in the
underlying sequence space under the given operator. In
addition to the study of individual fixed points, we determine
the entire fixed set of each transformation: the collection of
all points left invariant under the transformation and provide
a complete classification of its structure. The fixed set often
reveals deeper algebraic and topological properties of the
operator and can range from a trivial singleton to an infinite-
dimensional subspace. Beyond the fixed-point analysis, we
characterise the application of these matrices as linear
operators, paying particular attention to their convergent
domains. The convergent domain, comprising all sequences
whose image under the matrix belongs to a specified target
space, is a fundamental object in summability theory. We
establish one key topological property concerning their
nature as subspaces. This property sheds light on the broader
functional-analytic context in which these operators reside
and, together with the fixed-point results, contributes to a
more complete understanding of the behaviour of infinite
matrix transformations.

2. Preliminaries

Definition 2.1: A summability method is a triplet

(A,cA(X),limA), where

1. A: DA — F(FY) is an application, with DACF(E,X) a
vector subspace called the application domain of A.

2. cA(X) is the summability domain defined by cA(X):=ve
F(E,X): veDA and limr—ooA(V)(r) exists.

3. limA:cA(X) — X is the summability operator defined by
limA:=limoA|cA(X), where lim:c(E,X) — X is the limit
operator at infinity.

Definition 2.2: Let E = F = N. Then a summability method
(A,cA(X),limA) is called a matrix-summability method if
there exist scalars amneC; m,neN, such that the application
A is given by

A(v)=n>0am,nvnn>0v:= (v)n>0€DA

Definition 2.3: Let A:=(A,cA(X)[limA) be a kernel-
summability method. Let M € F(E,X) and N € FF,X be two
(vector) subspaces. The method A is called (M,N)
conservative if M € DA and A(M) < N. We denote by (M,N)
the class of (M,N) conservative summability method.

3. Some known results

Corollary 3.1(Nkuno, et al, 2025): There exists a modulus
operator 2y of order y for every a—circlic porous bounded
sequence xnk=100 such that Ekk=1c0= 2y Xii=0co=yi+1yi ,for
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each i,
En<€nt+1<€nt+2<ént+3<€n+4<and
limn—oo&n— o0,

Lemma 3.1 (Nkuno, et al, 2025): Let x=xk be a sequence
and let A= ank be an infinite matrix such that

tn=  Axn=k=locankxk. Then, the transformation,
tn=Axn=k=1c0ankxk defines a mapping f from the sequence
x=xK to the sequence tn by fxk=tn=Axn=k=1ccankxk if and
only if A= ank is regular.

Lemma 3.1 (Nkuno, et al, 2025): Let x=xk be any summable
sequence by the method A= ank. Then, f has a fixed point if
and only if A=ank is regular.

Theorem 3.1 (Nkuno, et al, 2025): Let xkk=100 be an o-
porous bounded sequence and 2y be the modulus operator
defined in corollary 3.1 above. Then, there exist a Riesz
matrix

Rp=Rp=1n+1

if k<n0, otherwise n,keN, corresponds to xkk=1c0 if and only
if there exist a shift operator, A such that A( 2y
xk)n=1loo=1nn=1o0

Theorem 3.2 (Nkuno, et al, 2025): If A= ank= ann+1fk -An
Vv n,keN is any matrix transformation, then there exists a
sequence of number, ynn=1c0€0,1 with the property that
yn=an-Ann+1 and limn—oo yn=1y such that A= ank is a
Toeplitz matrix

Theorem 3.3 (Nkuno, et al, 2025): Let A= ank=okf-kn+1
for k>n,n=0,1,2,3,..0, for k<n be an upper triangular matrix
with the property that o,€0,1. Then, there exists a sequence
of numbers Sii=1c€0,1 with the property that limn—oo
dn€0,1 such that A= ank is a Toepleitz matrix.

Theorem 3.4 (Nkuno, et al, 2025): The matrix
AC,Br,s=¢nkbr,s defined in theorem 4.1 above where

¢&nkbr,s=ckcn-ken+1s+rnnksn-krk,0<k<n0,

k>n is regular if and only if the series kck cn-k rkk!n-k!sk is
summable to Pn where Pn=cn+1s+rnn! sn.

Theorem 3.5 (Nkuno, et al, 2025): Let xk be a sequence and
let A= ank be a non-identity diagonal Toepleitz infinite
matrix. Let f be as defined in the lemma 3.1 above. Then, f
has a fixed point if and only if there exist An>0 for each n
such that tn= (Ax)n=k=1c0ank-Anxk

and limn—ootn=t

Theorem 3.6 (Dotson, 1970) @ Suppose E is a real Hilbert
space, C is a closed convex subset of E, T: C—C is quasi-
nonexpansive on C and has at least one fixed point peC, and
I-T is demiclosed. Suppose x1eC and Mx1,AT is a normal
Mann process such that tn = an+1,n+1 is bounded away from
0 and 1. Then the sequences xn, vn converge weakly to a
fixed point of T.
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Theorem 3.7 (Siddiqui and Nkuno, (2020)): Let A=ank be
any infinite matrix and S be the space of all sequences of real
or complex numbers. Then, the convergence field FA is dense
in SA if and only if the matrix A=ank is irregular.

Theorem 3.8 (Nkuno, et al, 2025): Let xkk=1c be an a-
porous bounded sequence and 2y be the modulus operator
defined in corollary 3.1 above.

Then, there exists a Riesz matrix

Rp=Rp=1n+1

if k<n0, otherwise n,keN, corresponding to xkk=1o0 if and
only if there exist a shift operator, A such that A( 2y
xk)n=1oo=1lnn=100

Theorem 3.9 (Nkuno, et al, 2025): Let N be the sequence of
natural numbers and A= ank be the matrix defined in theorem
3.3. Then, there exist a number >0 such that if f(n)=1 for n=1
n-1 for n>1 is a function on N such that N is o,3-summable
to 6 then, & is the fixed point of f if and only if p=1,a=0.

Theorem 3.10 (Nkuno, et al, 2025): Let x= xk be an infinite
sequence and AC,Bs,s=¢nkbs,s be the infinite matrix defined
in theorem 3.4. Then, the first term of the sequence x=xKk is
fixed under the mapping f: x—Axn if and only if the matrix,
AC,Bs,s=¢nkss,s is a Toepleitz lower triangular regular
matrix.

Theorem 3.9 (Nkuno, et al, 2025): Let x= xk be an infinite
sequence and AC,Bs,s=¢nkbs,s be the infinite matrix defined
in theorem 3.4. Then, the first term of the sequence x=xKk is
fixed under the mapping f: x—Axn if and only if the matrix,
AC,Bs,s=¢nkss,s is a Toepleitz lower triangular regular
matrix.

4. Main results
Definition 4.1: Let xan=100 be any arbitrary sequence. Then,
we shall define a difference operator A' on xnn=1 as

A' Xn=xn+1-xn.

Theorem 4.1: Let x=xk be any arbitrary sequence and f:N—
x=xk be a mapping such that f(n)=xk with a fixed point x*.
Further, let A=ank be any of the infinite matrices defined in
theorem 3.2-3.4 and let g be a mappings such that
Axn=k=locoankxk. Then, the fixed point x* is stable
(i.e.fgx*=x*) if and only if fx1=x* and the matrix A= ank is
a Toeplitz lower triangular infinite matrix.

Proof

Supposed that the fixed point x* is stable. Then, it will follow
that fgx*=x* which implies that f-1x*= gx*. Now, if N—
xk is a mapping such that f(n)=xk with a fixed point x*, then,
it will follow that fn*=n*=x*. This implies that x*€NO and
therefore f-1x*=n*eNO0. Furthermore, f-1x*= gx* which in
turn implies that gx*=n*. But then, gx=Axn=k=1coankxk
which implies that

gx*=k=1ooankx*=x*.

f-1x*=k=1o0ankx*.

www.mathresearchjournal.com

But then, f-1x*=n* which implies that k=1ccankx*=n*. We
know that

fn*=k=1ocankx*=k=100

ankxk  where  x=xk  which also means that
k=looankxk=xk=n*. But however, this is possible only if
k=1ccank=1 which is a Toepleitz condition. Further either,
n*=x1 or g is an identity mapping. But then, A=ank is a
regular matrix. Hence, g is not an identity mapping and
therefore n*=x1 which in turn implies that k=1lccank=x1 .
Thus clearly, k=locank=1 and k=lccank=x1 implies that
A=ank is a lower triangular matrix which consequently
implies that A=ank is a Toeplitz lower triangular matrix.
Conversely, supposed that the matrix A= ank is a Toeplitz
lower triangular infinite matrix and that f(n1)=n1=x1, then, it
will follow that gx1=x1. But then, f(n1)=x1 which implies
that gx1=gf(n1)=x1. Now, since x1=nl=x* and f(x1)=x*, it
follow that gf(x* )=x*

Theorem 4.2: Let x=xk be any arbitrary sequence and f:N—
x=xk be a mapping such that f(n)=xk with a fixed point x*.
Further, let A=ank be any of the infinite matrices defined in
theorem 3.2 — 3.4 and let g be a mappings such that
g(x)=Axn=k=1coankxk. Then, the fixed point x* of f is a sink
fixed point if and only if x* is the limit point of x=xk under
the mapping g.

Proof

Supposed that x* is the limit point of xk under the mapping
g. Then, it will follow that limn—ootn=x*. But then,
tn=Ax*n=k=1ooankxk. This implies that
limn—ootn=limn—oock=1coankxk=x*. This implies that
k=looankxk=x* which is clearly the sum of the series
k=1coankxk. This consequently imply that x* is a sink fixed
point.

Conversely, supposed that x* is a sink fixed point. Then, it
will follows that x*=t where t=limn—ootn. But then,
tn=Ax*n=k=1coankxk which consequently, implies that
x*=t=limn—ootn=limn—ook=1ocankxk. This implies that
fx*=limn—ook=1coankxk. But also, the sequence tn is the
transform of the sequence xk. Hence, x* is the limit point of
the transformed sequence tn of the sequence xk which
consequently implies that x* is a sink fixed point and the put
an end to the proof of the theorem.

Theorem 4.3: Let x=xk be any arbitrary sequence of real
numbers with fixed point set Fix(A). Let A=ank be any of the
operators defined in theorem 3.2 — 3.4. Then, the fixed point
X*€FixA is sink if and only if limn—oAxn= x"* otherwise it
is source.

Proof
The proof of this theorem follows from theorem 3.9 and
theorem 3.10.

Theorem 4.4: Let x=xk be any arbitrary sequence and f:N—
x=xk be a mapping such that f(n)=xk with a fixed point x*.
Further, let A=ank be any of the constructed infinite matrices
defined and let g be a mappings such that Axn=k=1oocankxk.
Then, the fixed point x* is stable (i.e.fgx*=x*) if and only if
fx1=x* and the matrix A= ank is a Toeplitz lower triangular
infinite matrix.
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Proof

Supposed that the fixed point x* is stable. Then, it will follow
that fgx*=x* which implies that f-1x*= gx*. Now, if N—
xK is a mapping such that f(n)=xk with a fixed point x*, then,
it will follow that fn*=n*=x*. This implies that x*eNO and
therefore f-1x*=n*eNO0. Furthermore, f-1x*= gx* which in
turn implies that gx*=n*. But then, gx=Axn=k=1ccankxk
which implies that

gx*=k=1ocoankx *=x*,
f-1x*=k=1o0ankx*.

But then, f-1x*=n* which implies that k=1ccankx*=n*. We
know that fn*=k=1ccankx*=k=1ccankxk where x=xk which
also means that k=1ocankxk=xk=n*. But however, this is
possible only if k=1coank=1 which is a Toepleitz condition.
Further either, n*=x1 or g is an identity mapping. But then,
A=ank is a regular matrix. Hence, g is not an identity
mapping and therefore n*=x1 which in turn implies that
k=lcoank=x1 . Thus clearly, k=1ccank=1 and k=1ccank=x1
implies that A=ank is a lower triangular matrix which
consequently implies that A=ank is a Toeplitz lower
triangular matrix.

Conversely, supposed that the matrix A= ank is a Toeplitz
lower triangular infinite matrix and that f(n1)=n1=x1, then, it
will follow directly from theorem 3.10 that gx1=x1. But then,
f(n1)=x1 which implies that gx1=gf(nl)=x1. Now, since
x1=nl=x*, and f(x1)=x*, it follow that gf(x* )=x*

Theorem 4.5: Let S be the space of all real sequences and
f:N—S be a mapping with the fixed point x*. Further, let DA
and C A be the application and the convergence domain of
the infinite matrix A= ank defined in either theorem 3.2 - 3.4
and let g:S—DA be a mapping. Then, the necessary and
sufficient condition for x* to be stable is that x* must be the
first term of the mapping f:N—S (i.e. x* is the first term of
every sequence

x= XKES).

Proof

Supposed that x* is the first term of the mapping f:N—S.
Then, it will follow from theorem 3.10 that
gfx1=gx1=k=1ccanlx1. But then, the matrix A= ank is a
Toeplitz lower triangular infinite matrix. Hence,

gx1=k=looanlx1 =x1 = x*
k=1ocan1=1 (a Toeplitz condition for regularity)
gx1l=x*=fx1

This implies that the fixed point x* remained the same
throughout and hence stable. This now, prove the result of the
theorem.

Theorem 4.6: Let x=xk be any arbitrary sequence, and f:N—
x=xk be a mapping such that f(n)=xk with a fixed point x*.
Further, let A=ank be any of the infinite matrices defined in
theorem 3.2-3.4 and let g be a mappings such that
g(x)=Axn=k=1c0ankxk. Then, the fixed point x* of f is a sink
fixed point if and only if x* is the limit point of x=xk under
the mapping g.
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Proof

Supposed that x* is the limit point of xk under the mapping
g. Then, it will follow that limn—ootn=x* But then,
tn=Ax*n=k=1ccankxk. This implies that

limn—ootn=limn—ook=1ooankxk=x*

This implies that k=1occankxk=x* which is clearly the sum of
the series k=1ooankxk. This consequently imply that x* is a
sink fixed point.

Conversely, supposed that x* is a sink fixed point. Then, it
will follow that x*=t where t=limn—ootn. But then,
tn=Ax*n=k=lcoankxk which consequently implies that
x*=t=limn—ootn=limn—ok=1ccankxk. This imply that
fx*=limn—ook=1coankxk. But also, the sequence tn is the
transform of the sequence xk. Hence, x* is the limit point of
the transformed sequence tn of the sequence xk which
consequently implies that x* is a sink fixed point and the put
an end to the proof of the theorem.

Theorem 4.7: Let S be the space of all sequences and f:N—
xk be a mapping with the fixed point x*. Further, let DA and
CA be the application and the convergence domain of the
infinite matrix A= ank defined above and let g and h be two
mappings under the transformation Axn=k=1coankxk such
that g:S—DA and h:DA—CA. Then, the fixed point x* is:
Stable if and only if f(gx*)=x*

Completely stable if and only if fnr=hxr=gtr=x*

Proof

If we consider the fixed point of the mapping f:N— xk to be
x1, then, it will imply that fnl=x1=x* which will in turn
follow that gfx*=x* and the matrix A=ank is a Toeplitz lower
triangular infinite matrix and hence the proof of the theorem.
But if on the other hand, we consider that x1 is not the fixed
point of the mapping f:N— xk i.e. fnl#x1=x* but rather nr
such that fnr=nr=x*, then, it will follow that
gfnr=gnr=k=1ooankxk=tr. Now, supposed that nr is the
median term xM of the sequence x=xk. Then, it will follow
that gnr=gxM=xM=x* which implies that gfx*=x* and hence
x* is stable. Further, if we take nr not to be the median term
XM of the sequence x=xk, then, it will follow that
gfnr=gnr=k=1c0ankxk=tr. But then, what is tr ? it is x* or
something else? If tr=x*, then, the result follows but if
something else (i.e.tr#x*), then, gfx*#x*and hence, X* is
unstable.

Conversely, supposed that gfx*=x*, the, it will follow that
gx*=x* which implies that fnr=x*. But then, fnr=xr. Hence,
Xr=x*

k=1ocank fnr=k=1coankxr=k=1o0ankx*.
But however,

k=1ooankxk=tn

k=1occankx*=tr

x*k=1ocank=tr
But then,

gx=k=1ooankxk=x*,

62|Page


http://www.mathresearchjournal.com/

International Journal of Applied Mathematics and Numerical Research

x*k=1ooank=tr= x*
x*k=1ooank=x*
k=1ooank=1

This implies that the matrix A= ank is regular which in turn
implies that the graph GA of gx and the graph GN of fx
intersect the graph y=n at the point x*. Hence, the fixed point
X* is stable.

ii. Supposed that the fixed point x* is completely stable, then,
it will follow that hgfx*=x*. This implies that gfx*=x* which
in turn implies that fx*=x*. This will consequently mean that
the graph GhA of ht, GgA of gx and GfN of fn all intersect
the graph y=n at the point x*. But then, gxr=x*, htr=x* and
fnr=x* which in turn implies that

htr=gxr=fnr=x* (i.e.hgfnr=x*).

Conversely, supposed thatgfnr=x* ). Then, it will imply that
hgxr=x* and fnr=x* which will in turn implies that
fnr=x*,hxr=x*,and gtr=x*. Thus clearly,
htr=gxr=fnr=x*which consequently, mean that the graph
GhA of ht, GgA of gx and GfN of fn all intersect the graph
y=n at the point x*. This shows clear consistency among all
the graphs at the point x*

which implies that the functions f,g,and h are all stable at x*
and hence, the fixed point x* of the mapping f:N— xk is
completely stable under the transformation Axn=k=1ocankxk
governed by the mappings g and h

Theorem 4.8: Let S be the space of all real sequences and let
A= ank be any of the constructed matrices such that
Axn=k=looankxk. If suppose that DA and CA are the
application and the convergence domain of A= ank. Then, the
transformation Axn=k=1ccankxk defines a mapping f:S—DA
and g:DA—CA such that gfx=tn if and only if g is an identity

mapping.

Proof

Suppose that for each x=xkeS, there is a mapping f:S—DA
defined by fxk=tn where tn=(Ax)n=k=1ocankxk. Further, let
0:DA—CA be a mapping defined by gtn=zi where
zi=(At)i=j=1ccaijtj. But then, CAcDACS which implies that
each zieCA is also contained in DAthat is to say zieDA also.
More so, A= ank is a Toepleitz matrix implies that CASDA
and therefore, every sequence zieCA also belongs to DA.
This implies that the matrix A'=aij=1 which shows that zi=tn.
Thus we have

gfx=gAxn=gtn=tn=fx for every fxeDA

Conversely, suppose that g is an identity mapping, then, it
will follow that that the mapping g:DA—CA is an
isomorphism which means that g is one to one and onto
mapping. This in turn implies that CA is very where dense in
DA which simply implies that each sequence zieDA is also
in CA i.e. zieCA. But then, Axn=tn=k=looankxk is a
transformation from S to DA. Let f be such a transformation
defined by fx=Axn=tn=k=locankxk. Now, since g is an
identity mapping from DA to CA, then, it will follow that

gfx=gAxn=gtn=tn
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which implies the transformation Axn=k=1ocankxk defines a
mapping f:S—DA and g:DA—CA such that gfx=tn if and
only if g is an identity mapping and this proves the result

Theorem 4.9: Let S be the space of all real sequences and let
A= ank be any of the constructed infinite matrices such that
Axn=k=looankxk. Let DA and CA be the application and the
convergence domain of A= ank. Then, the transformation
Axn=k=1ooankxk defines a mapping

f:S—DA and g:DA—CA such that f=g on DA if and only if
A= ank is regular.

Proof

Suppose that f=g on DA, then, it will follow that fx=
Axn=tn=k=1ooankxk=gx for some XeDA. Now, since CA is
everywhere dense in DA by theorem 3.7, it follows that g is
a bijective mapping. Further, since g:DA—CA and f:S—DA,
it follows that f:S—CA. Hence, each sequence fix= xi'eDA
isalso in CAi.e. xi'eCA. But then, this is possible only if A=
ank is regular.

Conversely, suppose that A= ank is regular. Then, it will
follow from theorem 3.7 that CA is dense in DA. Now, if g is
any mapping from DA to CA, then, it will follow that g is a
bi-jective mapping which means that g is one to one and onto.
This implies that for every yeDA there exist zeC such that
z=gy=y. Moreover, every yeDA is of the form y=k=1ooankxk
and f is a mapping from S to DA of the form

fx=Axn=k=1ooankxk

for some XES which implies that
y=fx=Axn=k=1ocankxk=yeDA and since C is an everywhere
dense subset of DA, it follows that every yeDA is also in CA.
But then, we know that the elements of CA are of the form
gy = y=k=lcoankxk which means that fx=gy and thus f=g if
and only if x=y as required

Theorem 4.10: Let S be the space of all real sequences x= xk
and Q be the space of all infinite matrices A=ank such that
Axn=k=looankxk. Let f:S—SQ be a transformation defined
by fx= Axn=k=1ccankxk for all AeQ,xeS where A= ank and
x= xk. Then, f has a fixed point if and only if every A€Q is
regular. Further, CO, C1, C are fixed subsets of CQ and CO
cClcCcCQif and only if A=ank is regular.

Proof

We know that if A=ankeQ is any regular matrix and x= xkeS
is any arbitrary divergent sequence such that fx=
Axn=k=1coankxk, then, it will follow by Lemma 3.2 that f
has fixed point. Further, since the matrix A=ank and x= xk is
arbitrary, it will follow that for each A=ankeQ and each x=
xkeS, f has fixed point. Now, denote by x0,x1,x2, ..,Xk, .. the
set of those fixed points. Thus if S is the space of all
sequences xk and Q is the space of all infinite regular
conservative matrices A=ank such that Axn=k=Ilocoankxk,
then, it will follow that the mapping f:S—SQ such that

fx= Axn=k=1ccankxk for all A€Q,x€S has the fixed point
x0,x1,x2, ..,xK, .. which is common to them.

Conversely, suppose that that the mapping f:S—SQ given by
fx= k=looankxk for all A€Q,XeS has the common fixed
points x0,x1,x2, ..,xK, .., then, it will follow that the graphs of
fx=k=1c0ankxk intersect the graph of y=x which implies that
for each A€Q,x€eS the graph of fx intersect the graph of y=x.
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This is possible only if limn—oofx =limn—ook=1ccankxk=t.
This signifies that A=ank is regular but

limk—ooxk =limn—oofx=limn—ook=1coankxk=t for
some,x=xkeS which implies that A=ank is regular

Theorem 4.11: Let S be the space of all real sequences and
A= ank be an infinite matrix such that fx=Axn=k=1ocankxk.
Let CA be the convergence domain of A= ank and C the space
of all convergence sequence. Then, the set CA is an extension
field of the space C if and only if A= ank.

Proof

We know that for all xeC where x=xk, we have
limk—oox=limk—ooxk=x'. Further, we also know that for
every arbitrary X€eCA, we have
limn—ootn=limn—oAxn=limn—ok=1cankxk=t where
x=xk. But then, this is possible only if A=ank is regular.
Conversely, suppose that xeCA and A= ank is regular. Then,
it will follow that e limn—ootn=t where tn=Axn=
k=1coankxk. But then, limk—ocoxk may or may not exist. If it
exist, then, limk—ooxk= limn—ootn and XECA.. Hence, CA is
dense in CA. But if limk—ooxk does not (since x=xk is
arbitrary), then, it will follow that limk—ooxk# limn—ootn
which implies that the sequence x=xk does not belong to CA.
But however, for all xeC, xeCA since limk—ooxk=
limn—ootn. Hence, CcCA and this ends the proof of the
theorem.

Theorem 4.12: Let S be the space of all real or complex
sequences and let A= ank be one of the constructed infinite
matrices such that Axn=k=1ocankxk. Further, let DA and CA
be the application and the convergence domain of A= ank
such that f:DA—CA is a mapping defined by fx=
Axn=k=looankxk. Then, the set CA is fixed in DA if and only
if the matrix A=(ank) is regular.
Proof
To prove this result, let us suppose first that the set CA is
fixed in DA. Then, it will follow that for every xneCAcDA
fxn=xn
But then,
xn=Axn=k=1ooankxk
fxn=xn=Axn=k=1coankxk
fxn=k=1occankxk
But then, we know that every tneDA is of the form
tn=k=1ocankxk for each n
tn=k=1ooankxk
fxn=tn=k=1ocoankxk€DA
But fxn=xn and fxn=tn

f-1tn=xn

f-1tn=fxn=xn

www.mathresearchjournal.com

tn=f2xn=fxn=xn

tn=xn

f=1
This implies that the matrix A=ank is conservatively regular
under f.
Conversely, suppose that the matrix A=ank is regular. Then,
it will follow that

limn—ootn=x
if and only if

limk—ooxk=x

limk—ooxk=limn—ootn=limn—o0Axn=limn—ook=100a

nkxk
limk—ooxk=limn—ook=100ankxk
limk—ooxk=limn—ooAxn=limn—ook=1coankxk
limk—ooxk=limn—ook=1coankxk
xk=k=1ooankxk=tn
This implies that the mapping given and defined by
fx= Axn=k=1ocankxk
for every XxeDA
fx=tn
fx=x
This clearly shows that xk is fix. But then, xk is arbitrary.
Hence, the space CA is fixed in DA and this end the proof of
the theorem
Theorem 4.13: Let S be the space of all real or complex
sequences and A= ank be an infinite matrix such that
Axn=k=1ooankxk. Let CA be the convergence domain of A=
ank. Then, the set C of all convergence sequence is fixed in
CA if and only if the matrix A=(ank) is regular.
Proof
Supposed that the set C of all convergence sequence is fixed
in CA, then, it will follow that for all xeCA where x=xk we
have fx=xk. But then, fx=Axn=k=1ocankxk
fx=x=Axn=k=1ooankxk
xk=k=1ooankxk
xk=k=1ooankxk
But then,

limx=limk—ooxk=x' ¥ x=xkeC and
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limn—o0Axn=limn—ook=1ccankxk=limn—ootn=t v
XeCA

Furthermore, CCCA and that for all xeCA, we have
fx=Axn=k=1ccankxk

This implies that every xeC is of the form
fx=Axn=k=1ocankxk

Therefore, for all XeCA, we have
limx=limk—ooxk=limn—oo
fx=limn—ooAxn=limn—ook=1ccankxk=limn—ootn=t

But then,
limx=limk—ooxk=x"' ¥ x=xkeC
limx=limk—ooxk=x"=limn—ootn=t
limk—ooxk=limn—ootn
X'=t

This implies that the matrix A= ank is conservatively regular.

Conversely, supposed that the matrix A= ank is

conservatively regular. Then, it will follow that for all xeCA

where x=xk, we have limk—ooxk=x" to imply that

limn—ootn=x" where tn=Axn=k=1ooankxk. This implies that
limk—ooxk=limn—ootn=limn—ook=1ccankxk.

But then, we know that every point xeC is of the form
fx=Axn=k=1ocankxk.

This implies that

limk—ooxk=limn—ootn=limn—ook=1ccankxk=limn—
coAxn=limn—oo fx=x'

limk—ooxk=limn—oo fx

But then, recall that x=xk.
Therefore,

limk—oox=limk—ocoxk=limn—oo fx

x= fx

fx=x
Thus the space C of all convergence sequence is fixed in CA
the space of convergence domain of the matrix A= ank which
now proves the theorem
Theorem 4.14: Let S be the space of all real or complex
sequences x= xk and A=ank be an infinite matrices. Let

2:DA—CA be a mapping defined by gx= Axn=k=1oc0ankxk
for some x€S where A= ank and x= xk. Then, g is isometric
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if and only if the matrix A=ank is regular.

Proof

Suppose that the mapping g :DA—CA is an isometric
mapping. Then, it follows that for all x,x0€DA there exist
gx,gxo€CA such that

oyx,yxo=px,xo Where o and p are metrics on CA and DA
respectively.

Now, take xo€DA such that gxo€FA. Then, given eCA>0
3,6DA>0 such that

ogx,gxo< ¢CA to imply that px,x0<6DA

&Given éCA>0 3,6DA>0 such that

gxeBgxo, eCA whenever xeBxo,5DA.

This implies that if G is any open set in SA, then, given
eFA>0 3,6SA>0 such that

g Bxo,6DAcBgx, eCAcCG
gBx0,6DACG

g-log Bx0,6DAcg-1G
Bx0,6DAcg-1(G)
g-log=1 on DA

CA c DA

This implies that g-1 is open in DA and since g-1og=1, v isa
one to one mapping.

Further, let g:DA—CA be any mapping and let g(G) cCA be
the corresponding image of any open set Gc DA. Then, if we
suppose that gG=0@, then, it will obviously follow that gG is
open in CA. Therefore, let us suppose on the other hand that
GG+ and let xoegG be arbitrary such that g-1(x0)€G. Then,
since G is open in DA, there exist eDA>o such that Bg-1xo,
eDACG. Further, given eDA>0,3 6DA>0 such that

g-1 Bx0,6DAcBg-1x0, eECAcCG
g-1 Bx0,6DACG

go g-1 Bxo,6DAcgG
Bx0,6DAcg(G)

g-log=1on CA

This implies that yw(G) is open in FA and since g-log=1, it
follows that g is an onto mapping.

This implies that CA 2 DA

Thus by (1.3) and (1.6), we have

CA=DA

But then, Pxo,CA=limé—0Xx0,5,CAd

1imd—0Ax0,5,CAS=0

=2x0,0,CA=¢
But also
(x0,0,CA)=
Bx,aNCA=0
= Supa>0:3xEBx0,6 Bx,acBx0,5 and Bx,aNCA=0=¢
This implies that there does not exist any number >0 for any
given arbitrary point xo€ DA such that Bxo,aNCA=0.
Therefore, since such a number o>0 does not exist for any

Supo>0:3IXEBx0,d Bx,acBx0,6 and
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arbitrary point xoe DA such that Bxo,aNCA=@, it follows
that the matrix A=ank is regular.

Conversely, suppose that the matrix A=ank is regular. Then,
it will follow that all the sequence tnn=1c for which the
series k=looankxk exist and converge, converges. This
simply means that CA is dense DA. Therefore, for any
arbitrary point xo€e DA there does not exist any number a>0
such that

Bxo,0cDA and Bxo,aNCA=0.

Now, let y:SA—FA be any continuous mapping and let G be
any open set in DA. Then, since for any xo€ DA arbitrary,
there does not exist any number a>0 such that Bxo,acDA
and Bxo,aNCA=0, it follows that given eCA>0 there exist
3DA>0 such that

g-1 Bxo,0DAcBg-1x0, eCAcCG

g-1 Bxo,6DACG

go g-1 Bx0,0DAcgG

Bx0,6DAcg(G)

gog-1=1on CA
This implies that g is an onto mapping and hence CA 2 DA.
Moreover, since the matrix A=ank is irregular, it follows that
CA < DA. This implies that given any gxoeCA,3xoeDA
such that given eCA>0 there exist 3dA>0 such Bxo,0DAC
DA and that Bgxo, eCAc CA.
This implies that there exist 6DA>0 for any given eCA>0
such that
px,x0<6DA to imply that pgx,gxo< eCA.

0gX,Z2X0=<pX,XO0.

But then, the matrix A=ank is regular.
0gx,gxo=px,xo0. This implies that g is Isometric.

Hence,
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