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1. Introduction

We dente by H(U) be the class of analytic functions in the open unitdisc U = {z € C:|z| < 1) and let H[v.n] be the subclass
of H(U) including from-specific functions of the form f(z) = v + vy, z™ + v,12" +..., with H, = H[0.1] and H =
H[1.1]. Let A(¥) indicate the class of functions of the form

h(z) =2° + X0 vpnz’™ (PEN={123...}z€U) (1.1)

which are analytic and univalent the open unitdisc U = {z € C:|z| < 1).

Let h(z) and F(z) are two analytic functions in H(I). We say that the function h(z) is subordinate [14] to F(z) or F(z) is a
superordinate to A(z) in such a case we write h(z) < F(z) if there exist analytic function B(z) in U with the properties B(0) =
0 and |B(2)| < 1(z € W). such that h(z) = F(B(2)) . If F(2) is univalent, then h(z) < F(z) if and only if h(0) = F(0) and
hQ) © FQLet ¥:C3 x U - C and suppose that the function F(z) is univalent in U. If the function T (z) is analytic in U
and satisfies the following first order differential subordination:

Y(T(2).2T7'(2); z) < K(2) (1.2)

then T'(z) is called a solution of the differential subordination (1.2). Furthermore, a given univalent function B(z) is said to as
a dominant of the solutions of (1.2), or, more simply, a dominant if 7 (z) < B(z) for all T(z) satisfying (1.2). A univalent
dominant B(z) that satisfies B(z) < B(z) given any dominants T (z) of (1.2) is acknowledged as the best dominant. Assuming
that 7' (z) and W (T (2). 2T’ (z); z) are univalent in ‘U and if T (z) satisfies the following first order differential superordinate:

K(z) < YT (2).zT'(2); z). (1.3)
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then T'(2) | s solutions of the differential super ordination (1.3). An analytic function B(z) is called subordination of the
solutions of the differential super ordination (1.3) if 8B(z) < T'(z) for all T(z) satisfying (1.3). A univalent subordinate B that
satisfies 8 < B for all subordinants of (1.3) is called the best subordinant see [1.2]).

To obtain the results that we want to document in the research, we will need the definitions and basic lemmas as a preliminary
result.

Definition 1. Let W, - A (£) — A(#) be anew differential operator defined by

Z.

re+1)

u _ rk+1) k+0\" k
WZ-f’(n)h(Z) T r(f—p+1) ( ) k :

£+

PARLED Y TChotD
A >—-tueR; £EN)
24N Ifu=n=0

we have

Wy eyh(@) = h(2).

The following useful identities are satisfied by the operator
2(Whyh(@) = (€ = wt DWY1)h (D) — WLy h(2).

Definition 2. Denote by FF the set of all functions 8B(z) that are analytic and injective on U\E(B) where
£(B) = {5 € O limB(2) = oo}.

and are such that B’ (&) = 0 for & € dU \ E(B). Further let the subclass of FF for which B(0) = a be denoted by F(a).F(0) =
Foand F (1) = F.

Definition 3. A function £ (z.%) (z € U.# = 0) is said to be a subordination chain if £(0. 1) is analytic and univalent in U
forall £ = 0.L(z.0) is continuously differentiable on [0; 1) forall 3 € U and £ (3.t;) < L(z.t,) forall 0 < £, < 1,.

Lemma 1. The function L(z.£): U X [0; 1) — C of the form

L(z.t) = v1()z + v5,(£)z% + -+ (v, (#) # 0;£ = 0).

20L(2.t)/0z

And Re { 8L (z.t)/0t

} >0 (z €U.£= 0)ifandonly if lim |, (£)| = oo is a subordination chain.

Lemma 2. Suppose that the function H: C? — C satisfies the condition

Re{H(is; £)} < 0
for all real s and for all + < —£(1 + s2)/2. £ € N. If the function 7(z) = 1 + T,z° + T,z + -+ is analytic in U and

Re{l(T(2);2zT'(2))} >0 (z €U).
Then Re{T(z)} > 0 forz € U.

Lemma 3. Let x.d € C with k not equal zero and let X € H(U) with K(0) = c. If Re{kX (2) +y} > 0 (z € U), then the
analytic in ‘U that satisfying satisfies Re{x¥ (z) + &4} > 0 for z € U represent a solution of the following differential equation:

z%B'(2) _ . _
B(z) +m =K(z) (z eU;BO)=c).

Lemma 4. Let T € F(v) and let B(z) = v + v,z° + vp12°"1 + -+ be analytic in U with B(z) # v and £ > 1. If B is not
subordinate to 77, then there exists two points z, = 7e® € U and &, € dU \ €(B) such that

%(uro) cT(UW; B(zy) =T(&) and  zoT'(z0) = 45T (&) (g = 0).

Lemma 5. Let B € H[v.1] and W:C? - C. Also set W(B(2).28'(3)) = K(3). If L(z.t) = ¥(B(z).tz8'(3)) is a
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subordination chain and B8 € H[v. 1]NF(1). then

K(z) < ‘P(T(z).ZT’(z))
Therefore

B(z) < T(2).

Moreover, B is the best subordinant if B is univalent solution belonging to F(«) for the differential equation LP(SB(Z). z%’(z)) =
K (z)
The aim of this study, we examine certain properties that preserve subordination and super ordination related integral operator
Wzl}(n)h(z)- By using the differential operator mentioned above, a conclusion will be drawn about the quality of the sandwich
result.

2. Sandwich theorem of functions defined by operator concerning with Bell distribution

Ala. n. Mourah and Jamul Salah [ Geometric properties and Neighbor hands of certain sub class of analytic functions defined
by using Bell Distribution, contemporary Mathematics, Dol: http://doi-org/ 10.37256/cm.5420245425, (2024), pp.1-10.]
Using the probability density function of a discrete random variable x that follows the bell distribution expressed as

ﬁce(_B2)+1Ac
c!

p(x=c)= ,c=1,2,3, ...

Where 4, = éz‘,;‘;o’;—f Is the Bell numbers? ¢ = 2.5 > 0.
To introduce a new power series, utilizing bell distribution probabilities as coefficients
c-1,(-p%)+1
1(B.5) =5+ Y% % SEUL > 0.
(1.1)

For a function k belong in the collection of all holomorphic functions that defined in a disk U as a simple connected domain that
given by

k(s) =s+ Y2 410.2" (s €U.5,> 0.k €N)
(1.2)

The operator Dk(s): A - A as
Dk(B.A.s)k(s) = I(B.s)+k(s) =5+ Xilii1
(L™(8. @))(s) * D(B.A)k(s)

1 (—g2
B¢ 1,(-8 )+1AC 5C5C,

= We define anew operator B™(a,a;.B.1)k(s) =

Where Q™ (a; a,)(s) is analytic function defined as?

ﬁC—le(—B2)+1AC ( w

‘[}m(wﬁlc)k(s) =s+ Z?=k+1 (c-1)!

) 6esC k={12..}keN

w+n—1

Where
Re(w) >0.m= 1.4, = iz;'f:o’;—j Is the bell numbers, .8 > 0
By simple computation, we can obtain that
1+ @) (™ (w.B.21)k(s))
=SB (. B2k + (148 — e ) (BT (@. B ADK(S) (1.3)

[Nak Eun Cho, strong differential subordination properties for analytic functions involving the komatu integral operator] cho
boundary vale problems (2015), pp. [1-10]
Where L(8. w) is holomorphic function defined by

L) =s+2X5,, ﬁfcs“. Note that form the above relations,
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’ c-1 e_ﬁz'”/l ’
(B™(@.8.1)) = (s I G ”s‘cSC) ((+226s)) = (s +
2 !
w \M Bc—1ee‘3 +1lc ’
) (w+c—1) (c-1)! §es® | = (ﬁm(w'ﬁ')“f)) '
Theorem1. Let v = —y|w|.(d > 0.0 3 Sy=E o<t < 1) 2.1)
Suppose that f € A and
_ B™ (@ BAIF(S) (B™ (w.BAF(S) o
6 = (i) (2225 > oands € 22
If Re {1+ 99(())} >v.(s €U) (2.3)
And k(s) € A. Then the subordination condition
B (. BAF(S)Y (BT (w.BAF(s))°
( B (w.B.Ae)F(S) )( s ) =< g(s) (2'4)
Implies
B™ (. B.A)K(s) < B™(w. B.A)F (s) (2.5)

Moreover, the function 8™ (w. B.A,)F (s) is the best dominant.

Proof. Let I;(s) and I,(s) are two holomorphic functions in U, defined as

L(s) = (M)“

N

and

m (2
IZ(S) = (M) (26)

N

Suppose that, without loss of generality, that I, (s) is holomorphic and univalent in U
And I,(&) = 0 (J&€] = 1). If not , then for 0 < s < 1, we have I, (s)= I, (§s) .These new functions have the desired properties
onU , and we can use then in the proof of our result. Therefore, if we assume that & — 1, we will get the result. So, if

S

Q=1+ (s € W) 27)

Then Re(Q(s)) > 0(s € U), since

s 52

m o-1 M(w.B.A)F(s) +B™(w.B.Ae)F(S)
L(s) =0_(3 (w.ﬁ./le)p(s)) <S(B W.BAF(S) +B™(w.BAe s))

_, (/zm(w.ﬁ./le)p(s))” (Bm(w.B.AE)F(s))_l <s(ﬁm(w-6-/1e)F(s)’—Bm(w-ﬁ-le)F(s))>

s s s2

(1+®) ,m __+®) ,m _pm
_U(Bm(w-ﬁ-le)F(S))a( s ) ee—ﬁzﬂﬁ (@.B.2)F(s) ee—ﬁz’rlﬁ (@0.8.2e)F(s)—B™ (w.B.A¢)F (s) B
- s B™(w.B.A6)F(s) 52 -
(1+®) ,m+1
o (Bm(w-ﬁ-le)F(S))a 5—1 ee_ﬁZ+1B (w-B.le)F(S) B (1+E))ee_32+1 4 1 _
s B™(w.B.A)F(s) pe—BPH1

(/zm(w.ﬁ./le)p(s))” o 14w Bm“(w.ﬁje)F(s)_1+(T)—e“’_62+1+e“’_32+1
o s s ee~B2H1 BM(w.B.AL)F(s) pe— B+t
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2
-B%+1
eeB

1+

1y — ~ (BT(@BAF(S) "( 145 ) B™ (@ BAF(S) _
L'(s) —a( s ) peB2+1 (Bm(w.ﬁ./le)F(s) 1)

1 !
I () _ _ (B™(wBAF()\ (BT (w..Ae)F(s) B (w.BA)\
1+® - J( ) ( B™(w.8.46)F(s) ) - J( s )

_p2+
eeﬁ

=0Y(s) — aly(s)

By simply computation, we get

eE_BZ+1slz(s)
oY(s) = ol (s) + —————

1+w

e—B?+1
Y(s) = L(s) + =20 2.8)

1+

Differentiate both sides of (2.8), we have

B S0 (9)+115(5))
o(1+w)

Y'(s) = I'y(s) + &

o SIrr,(s) 115(s)
=150) + _;2+1(1+m) + (1+®)
ee

[
211
eeB+

- (1 + %) I'y(s) + —2® (2.9

E_BZ+1(1+¢D) E_BZ+1(1+(D)
e

SIrry(s)
115(s)

Since Q(s) =1+

Q(S)I';(s) =1'5(s) +s1";(s)
sI"3(s) = Q(s)I'z(s) — I'5(s)
That is

y@)=(1+———i——>rx@+

g —
—e_B2+1(1+w)
e

1 Q(s) 1 I
<1+ g (1+a))>+ (1+@) —2 (1+w)]12(s)1

a
ee—/)’2+1 ee—BZ+1 ee—B2+1

Q(s)
p— 1 —_— N
( e—Z2+1(1 )>
e

I'5(s)

a —
e_B2+1(1+w)
e

Q(S)I'z(S)—I'z(S)I

InY'® =In (1 + #) I',(s)

— (14 ®)
e

Q(s) " ’ Q(s)
It——F——— |12+ ()| ————
yu(s) < —e_gz+1(1+w)> 2 2 (e_gz+1(1+w)>
j— e e N
O
I'5(s) %
ee—ﬁ2+1 @
Therefore
g —
————((1+w)+
1+y’I(S) =14+ "5 + sQ(s) ee_32+1( @)+Q(s)
) 7 T — T —
y's 1'5(s) —ee_BZ+1(1+w) e_ﬁ2+1(1+w)+Q(S)
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S e
This is

la(s) = Q) + == 5 (2.10)

”
la(5) e (14 8) = Q) + o (L4 @) + s
2
(Q(S)+ (1+w)> +5Q1(s)

) <Q(S)+ BZ+1(1+“’)>

=0() + oy —B2+1 1+a)+ ;zjfiws)
So,

Re (kl(s) 7 a+ w)) >0.(s€ U (2.11)

Next, and by using lemma 3, we conclude that the Q(s) is a solution to the deferential equation in (2.10) that lie in H (U). Such
that k,(s) = Q(s) = 1 at s=0.
Now, let

Nw.v) =v, + ——2——+4v

v +——1+)
e Bt

Where v is given by (2.1), the relations (2.10) and (2.11), give us
Re (N(Q(s).sQ’(s))) >0.(s€ U
Where this conditions implies that Re(Q(s)) > 0, so to prove this , we must show that Re(N(iy.x)) < 0 (wherey € R.x <

- ”Ty) (2.12)

. _ . x
Re(N(iy.x)) = Re {Ly + PO —e +v

e_52+1(1+w)

a —
——x(1+w
e—ﬁz+1x( +o)

= € s+ v
Ly2+<—;:E71;(1+a))>
e

a(1+y )
-T2 (1+@)
— 2e€ _B +1

2
y2+<ﬁ(1+5)>
e

+v

e_ﬁz

(14+®@)-2e ]yz 2v4(1+w)2+0(1+w)}
2e€ B2+1

2
286—32+1<y2+<ﬁ(1+w)> >
e
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“Y(a.p.w.v.y)
Zee_ﬁbr1 (y2+((1+(3))2)

Where
Y(a.p.@. v.y) = [((1 + @) —2e° MYy )y — 20— ﬁ2+1 1+ a@)?2+0(1+a) (2.13)

Clearly that ¥ (a.B.@. v.y) is positive for v given by (2.1).This implies that (2.12) holds , we conclude as an application of
lemma (2) that Re(Q(s)) > 0. (s € U). also by (2.7) we know that I, (s) is convex, now we define a new function

ae™” T6'O) (0 <y < 00,0 > 0and § > 0.5 € U) (2.14)

T(s.x) =L(s) + )

By property of I,(s) , we have

-p2+1
_ (1+x)e® ,
= (1 2 )12 (0)

#0(0<x<o00.g>0andf >0.5s €U)

AT (s.x)
as

That is

-B%+1
14%)e€ 2107 ()45’
59T (5.x) sI'5(s) :( x)e (5 (s)+s 2(5))

s _ a(1+w)
BTa(S.X) (1+x)ee_62+1
x e
o(1+®)

_p2
_o(1+@)sl’ 3 (s)+(1+x)e® B +1(521”(s)+51’2(s)) c(1+@)
- o(1+w) ee_B2+ISI’2(S)

_o(1+w) s21'" (s)
= e T (1) ( 1) )

o(1+w)

:ee_52+1 + (1 +x)Q(s)

Hence

59T (s.x) _
Re{%} = Re{a(_lﬂ)) +(1 +x)Q(s)} >0.(0<x<o.0>0andf >0.5s €U)
—_ ee

BZ+1
ax
Thus, by applying lemma 1, we obtain that 7' (s. x) is a subordination chain, thus from the definition of subordination chain that

=B, (5) (1+0)e‘3_62+11’2(s)

Y(s) = () +° =T(s.0) = L(s) +

o(1+w) o(1+w)
Therefore, we get
T(s.0)<T(s.x)for0<x <

This ensure that

T(Y.x) € T(U.0) = YW
(0<x<®YEeIU) (2.15)

If ,(s) < L(s).
As an application of lemma, there exist two points s, € U and y, € U such that I,(sy) = I,(y,) and sol'1(sg) =
(1 +x)yo () (0 < x < ) (2.16)

Thus, by the relations (1.7) and (2.16), we have
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(1+x)ee_ﬁz+150’1(50)
(1+w)

_g2
(1+x)e€ F+130)
d(1+@)

T(yo) = L,(yo) + = I;(so) +

pe Bt (ﬁm(w.ﬁ.ac>k(so>)a'1(SO(Bmm.ﬁ.ac)k(so))'-Bmw.ﬁ.ac)k(s))

0 So 502

_ (ﬁ'”(w.ﬁ.ac) 4

So

_ (ﬁm(w.ﬁ.ac)a N

So

(1+®)

_ _ =B%+1
ee-52+1(a(ﬁm(w-ﬁs-lc)k(sw)) S /so(1+w)(Bm+1(cu.ﬁ./lc)k(s))—<1:cu+ee >Bm(w.B.}Lc)k(s)
0 s0“B (w-B-lc)k(S)\ e Bt
prope B (w. B. Ak (s)
a

_ (pmwpaoken’ , 2T ) (U@ . A0S -4 B @ fAKS)

_( S0 ) + a(1+®)

_ (B (@BAIKES) (B™(@-BAK(s0)\]

- (ﬁm(m.ﬁ.lc)k(so) ) ( so ) S0
This contradict with (2.15), thus we obtain that I; (s) < I,(s).
Conclude that I, (s) = I,(s),0observing thatl, (s) is the best dominant.
Thus, we get the required result.
The following result is an application of super ordination to univalent function.
Treorem2. Suppose that I; (s).1,(s) are two function in A

5G11(s) oy _ (BTTH@BAIF(S) (B (@.pAIF(S)) )
Re{1 + e }>v (g () = ( S ) (FEE2E) m>0.seu (2.17)

o B™(w.BAF(s) B (w0.8ADK(S) (B (@ BAIKEN ; ;
When v is given by (2.1). suppose that — € Q and (ﬁm(w.ﬁ./lc)k(so) ) ( . ) is univalent in U.

B (0 BADFS)\ (B ™M@ BAIFENT | (B (w0 BAKS)Y (B (w.BAK()\C
Then ( B™(w.B.A)F(s) ) ( s ) =< (Bm(w.ﬁ.lc)k(so) )( s )

Ensure that

(Bm(w-ﬁ-ﬂc)F(S))a - (Bm(w-ﬁ-lc)k(S))a

N N

m a
Thus the (w) the best dominant.

The following result is a composite of theorem 1land 2, which known sandwich theorem.
Theorem 3. Assume that k(s). fx(s) € A.(k = 1.2) and

$G11(s) en (BT @BAIF() (B @ BAIFNT L o _ )
Re{1+—g,(s)}>v<g (S)_(ﬁm(w.ﬁ.ka(s))( - ) k=12:0>0,m>0s€U

Where v given by (2.1). Ifw € Q and

m+1 m a
k*(s) = (Bﬁm(i“’ﬁﬂj;;’(‘s(;)) (B (“’"1'2”)"(5)) is univalent in U.then G;(s) G,(s) < k*(s) < G,(s).

Implies that
]

(ﬁm(w-ﬁ-:c)ﬂ (S)) <

a
(B m(w-B:lc)Fz (S))

(Bm(w-ﬁs-/lc)k(S))a - (ﬁm(w.ﬁ:c)a(s))" and

m a
(M) represent the best subordinate and

refer to the best dominant.
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