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1. Introduction 

We dente by ℍ(𝒰) be the class of analytic functions in the open unit disc 𝒰 =  {𝑧 ∈  ℂ: |𝑧| <  1) and let ℍ[𝓋. 𝑛] be the subclass 

of  ℍ(𝒰) including from-specific functions of the form 𝑓(𝑧) =  𝓋 + 𝓋𝑛𝑧
𝑛 + 𝓋𝑛+1𝑧

𝑛+1 +…,  with ℍ0  =  ℍ[0. 1] and ℍ =
ℍ[1. 1]. Let 𝒜(ℓ) indicate the class of functions of the form 

 

ℎ(𝑧) = 𝓏ℓ + ∑ 𝓋ℓ+𝑛𝓏
ℓ+𝑛∞

𝑛=1   (ℓ ∈ ℕ = {1.2.3. … }; 𝑧 ∈ 𝒰)          (1.1) 

 

which are analytic and univalent the open unit disc 𝒰 =  {𝑧 ∈  ℂ: |𝑧| <  1). 
Let ℎ(𝑧) and ℱ(𝑧) are two analytic functions in  ℍ(𝔘). We say that the function ℎ(𝑧) is subordinate [14] to ℱ(𝑧) or ℱ(𝑧) is a 

superordinate to ℎ(𝑧) in such a case we write ℎ(𝑧) ≺ ℱ(𝑧) if there exist analytic function ℬ(𝑧) in 𝔘 with the properties ℬ(0) =

 0 and |ℬ(𝑧)| < 1(𝑧 ∈ 𝔘). such that ℎ(𝑧) =  ℱ(ℬ(𝑧)) . If ℱ(𝑧) is univalent, then ℎ(𝑧) ≺ ℱ(𝑧) if and only if ℎ(0) = ℱ(0) and 

ℎ(𝔘)  ⊂  ℱ(𝔘)Let Ψ: ℂ3 × 𝒰 → ℂ and suppose that the function 𝒦(𝑧) is univalent in 𝒰. If the function  𝒯(𝑧) is analytic in 𝒰 

and satisfies the following  first order differential subordination: 

 

Ψ(𝒯(𝑧). 𝑧𝒯′(𝑧);  𝑧) ≺ 𝒦(𝑧)          (1.2) 

 

then 𝒯(𝑧) is called a solution of the differential subordination (1.2). Furthermore, a given univalent function 𝔅(𝑧) is said to as 

a dominant of the solutions of (1.2), or, more simply, a dominant if  𝒯(𝑧) ≺ 𝔅(𝑧) for all 𝒯(𝑧) satisfying (1.2). A univalent 

dominant 𝔅̃(𝑧) that satisfies 𝔅̃(𝑧)  ≺ 𝔅(𝑧)  given any dominants 𝒯(𝑧) of (1.2) is acknowledged as the best dominant. Assuming 

that 𝒯(𝑧) and Ψ(𝒯(𝑧). 𝑧𝒯′(𝑧);  𝑧) are univalent in 𝒰 and if 𝒯(𝑧) satisfies the following  first order differential superordinate:  

  

𝒦(𝑧) ≺ Ψ(𝒯(𝑧). 𝑧𝒯′(𝑧);  𝑧).                                                             (1.3) 
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then 𝒯(𝑧) I s solutions of the differential super ordination (1.3). An analytic function 𝔅(𝑧) is called subordination of the 

solutions of the differential super ordination (1.3) if  𝔅(𝑧) ≺ 𝒯(𝑧) for all 𝒯(𝑧) satisfying (1.3). A univalent subordinate 𝔅̃ that 

satisfies 𝔅 ≺ 𝔅̃ for all subordinants of (1.3) is called the best subordinant see [1.2]). 

To obtain the results that we want to document in the research, we will need the definitions and basic lemmas as a preliminary 

result. 

 

Definition 1. Let 𝒲𝑧.𝑝(𝑛)
𝜇.𝑛

: 𝒜 (ℓ)  →  𝒜(ℓ) be a new differential operator defined by 

 

  𝒲𝑧.ℓ(𝑛)
𝜇

ℎ(𝑧) =
Γ(ℓ + 1)

Γ( ℓ−𝜇+1)
𝑧ℓ−𝜇 + ∑  

Γ(k + 1)

Γ( k−𝜇+1)
(
𝑘+𝜆

ℓ+𝜆
)
𝑛

𝓋𝑘𝑧
𝑘   ∞

𝑘=ℓ+1   , 

 
(𝜆 > −ℓ; 𝜇 ∈ ℝ;  ℓ ∈ ℕ)  

              

2.41) If 𝜇 = 𝑛 = 0  

 

we have  

 

𝒲𝑧.ℓ(0)
0 ℎ(𝑧) = ℎ(𝑧).  

 

The following useful identities are satisfied by the operator  

 

𝑧 (𝒲𝑧.ℓ(𝑛)
𝜇

ℎ(𝑧))
′

= (ℓ − μ + 𝜆)𝒲𝑧.ℓ(𝑛+1)
𝜇

ℎ(𝑧) − (𝜆)𝒲𝑧.ℓ(𝑛)
𝜇

ℎ(𝑧).      

 

Definition 2. Denote by 𝔽 the set of all functions 𝔅(𝑧) that are analytic and injective on 𝒰\ℇ(𝔅) where 

 

 ℇ(𝔅) = {𝜉 ∈ 𝜕𝒰: lim
𝑧→𝜉

𝔅(𝑧) = ∞}.  

 

and are such that 𝔅′(𝜉) ≠ 0 for 𝜉 ∈ 𝜕𝒰 ∖ ℇ(𝔅). Further let the subclass of  𝔽 for which 𝔅(0) = 𝑎 be denoted by 𝔽(𝑎). 𝔽(0)  =
𝔽0 and 𝔽 (1) ≡ 𝔽. 

 

Definition 3. A function ℒ (𝓏. 𝓉) (𝓏 ∈ 𝒰. 𝓉 ≥  0) is said to be a subordination chain if ℒ(0. 1) is analytic and univalent in 𝒰 

for all 𝓉 ≥  0. ℒ(𝓏. 0) is continuously differentiable on [0; 1) for all 𝓏 ∈ 𝒰 and ℒ (𝓏. 𝑡1) ≺  ℒ(𝓏. 𝑡2) for all 0 ≤ 𝓉1 ≤ 𝓉2. 

 

Lemma 1. The function ℒ(𝓏. 𝓉): 𝒰 ×  [0; 1) → ℂ of the form 

 

ℒ(𝓏. 𝓉) =  𝓋1(𝓉)𝓏 + 𝓋2(𝓉)𝓏
2 +⋯ (𝓋1(𝓉) ≠ 0; 𝓉 ≥ 0).  

 

And ℛ𝑒 {
𝓏𝜕ℒ(𝓏.𝓉) 𝜕𝓏⁄

𝜕ℒ(𝓏.𝓉) 𝜕𝓉⁄
} > 0   (𝓏 ∈ 𝒰. 𝓉 ≥  0) if and only if  lim

𝓉→∞
|𝓋1(𝓉)| = ∞ is a subordination chain. 

 

Lemma 2. Suppose that the function  ℍ:ℂ2 → ℂ satisfies the condition 

 

ℛ𝑒{ℍ(𝑖𝕤; 𝓉)} ≤ 0     

for all real 𝕤 and for all 𝓉 ≤ −ℓ(1 + 𝕤2) 2.⁄  ℓ ∈ ℕ. If the function 𝒯(𝑧) =  1 + 𝒯ℓ𝑧
ℓ + 𝒯ℓ+1𝑧

ℓ+1 +⋯ is analytic in 𝒰 and 

 

ℛ𝑒{ℍ(𝒯(𝑧); 𝑧𝒯′(𝑧))} > 0    (𝑧 ∈ 𝒰).   

 

Then  ℛ𝑒{𝒯(𝑧)} > 0  for 𝑧 ∈ 𝒰.   
 

Lemma 3. Let 𝓍. 𝒹 ∈ ℂ with 𝑘 not equal zero and let 𝒦 ∈ ℍ(𝒰) with 𝒦(0) = 𝑐. If ℛ𝑒{𝑘𝒦(𝑧) + 𝛾} > 0 (𝑧 ∈ 𝒰), then the 

analytic in 𝒰 that satisfying satisfies ℛ𝑒{𝓍𝒦(𝑧) + 𝒹} > 0 for 𝑧 ∈ 𝒰 represent a solution of the following differential equation: 

 

𝔅(𝑧) +
𝑧𝔅′(𝑧)

𝓍𝔅(𝑧)+𝒹
= 𝒦(𝑧)   (𝑧 ∈ 𝒰;𝔅(0) = 𝑐) . 

 

Lemma 4. Let 𝒯 ∈ 𝔽(𝓋) and let 𝔅(𝑧) = 𝓋 + 𝓋ℓ𝑧
ℓ + 𝓋ℓ+1𝑧

ℓ+1 +⋯ be analytic in 𝒰 with 𝔅(𝑧) ≠ 𝓋 and ℓ ≥  1. If 𝔅 is not 

subordinate to 𝒯, then there exists two points 𝑧0 = 𝓇0𝑒
𝑖𝜃 ∈ 𝒰  and  𝜉0 ∈ 𝜕𝒰 ∖ ℇ(𝔅) such that  

𝔅(𝒰𝑟0) ⊂ 𝒯(𝒰);      𝔅(𝑧0) = 𝒯(𝜉0)       and     𝑧0𝒯
′(𝑧0) = 𝓎𝜉0𝒯(𝜉0)      (𝓎 ≥ ℓ). 

 

Lemma 5. Let 𝔅 ∈ ℍ[𝓋. 1] and Ψ: ℂ2 → ℂ. Also set Ψ(𝔅(𝓏). 𝓏𝔅′(𝓏)) = 𝒦(𝓏). If ℒ(𝓏. 𝓉) = Ψ(𝔅(𝓏). 𝓉𝓏𝔅′(𝓏)) is a 
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subordination chain and 𝔅 ∈ ℍ[𝓋. 1]⋂𝔽(𝓋). then 

 

𝒦(𝑧) ≺ Ψ(𝒯(𝑧). 𝑧𝒯′(𝑧))  

 

Therefore 

 

𝔅(𝑧) ≺ 𝒯(𝑧).  
 

Moreover, 𝔅 is the best subordinant if 𝔅 is univalent solution belonging to 𝔽(𝓋) for the differential equation Ψ(𝔅(𝑧). 𝑧𝔅′(𝑧)) =

𝒦(𝑧)  
The aim of this study, we examine certain properties that preserve subordination and super ordination related integral operator 

𝒲𝑧.ℓ(𝑛)
𝜇

ℎ(𝑧). By using the differential operator mentioned above, a conclusion will be drawn about the quality of the sandwich 

result. 

 

2. Sandwich theorem of functions defined by operator concerning with Bell distribution  

Ala. n. Mourah and Jamul Salah [ Geometric properties and Neighbor hands of certain sub class of analytic functions defined 

by using Bell Distribution, contemporary Mathematics, Do1: http://doi-org/ 10.37256/cm.5420245425, (2024), pp.1-10.] 

Using the probability density function of a discrete random variable x that follows the bell distribution expressed as  

 

𝑝(𝑥 = 𝑐) =  
𝛽𝑐𝑒(−𝛽

2)+1𝜆𝑐

𝑐!
 , c=1,2,3, … 

 

Where 𝜆𝑐 =
1

𝑒
∑

𝑥𝑐

𝑥!

∞
𝑥=0   Is the Bell numbers? 𝑐 ≥ 2. 𝛽 > 0. 

To introduce a new power series, utilizing bell distribution probabilities as coefficients  

𝐼(𝛽. 𝑠) = 𝑠 + ∑  
𝛽𝑐−1𝑒(−𝛽

2)+1𝜆𝑐

(𝑐−1)!
 ∞

𝑐=𝑘+1 . 𝑠 ∈ 𝒰. 𝛽 > 0.                                  

(1.1) 

 

For a function k belong in the collection of all holomorphic functions that defined in a disk 𝒰 as a simple connected domain that 

given by 

 

𝑘(𝑠) = 𝑠 + ∑ 𝛿𝑐𝑧
𝑘∞

𝑐=𝑘+1  (𝑠 ∈ 𝒰. 𝛿𝑐 > 0. 𝑘 ∈ 𝑁)                                         
(1.2) 

 

The operator 𝒟𝑘(𝑠):𝒜 → 𝒜 as  

 𝒟𝑘(𝛽. 𝜆. 𝑠)𝑘(𝑠) =  𝐼(𝛽. 𝑠) + 𝑘(𝑠) = 𝑠 + ∑  
𝛽𝑐−1𝑒(−𝛽

2)+1𝜆𝑐

(𝑐−1)!
 𝛿𝑐𝑠

𝑐 .∞
𝑐=𝑘+1  We define anew operator 𝛽𝑚(𝛼1𝛼2. 𝛽. 𝜆)𝑘(𝑠) =

(𝐿𝑚(𝛿. 𝜔))(𝑠) ∗ 𝒟(𝛽. 𝜆𝑐)𝑘(𝑠) 

 

Where 𝑄𝑚(𝛼1𝛼2)(𝑠) is analytic function defined as?  

 

𝛽𝑚(𝜔. 𝛽. 𝜆𝑐)𝑘(𝑠) = 𝑠 + ∑  
𝛽𝑐−1𝑒(−𝛽

2)+1𝜆𝑐

(𝑐−1)!
(

𝜔

𝜔+𝑛−1
) 𝛿𝑐𝑠

𝑐 .∞
𝑐=𝑘+1  𝑘 = {1.2… . }. 𝑘 ∈ 𝑁    

 

Where  

 

𝑅𝑒(𝜔) > 0.𝑚 ≥ 1. 𝜆𝑐 =
1

𝑒
∑

𝑥𝑐

𝑥!

∞
𝑥=0   Is the bell numbers, . 𝛽 > 0  

 

By simple computation, we can obtain that  

 

(1 + 𝜔̅)(𝛽𝑚+1(𝜔. 𝛽. 𝜆𝑐)𝑘(𝑠)) 

 

= 𝑒𝑒
−𝛽2+1

𝑠(𝛽𝑚(𝜔. 𝛽. 𝜆𝑐)𝑘(𝑠) + (1 + 𝜔̅ − 𝑒
𝑒−𝛽

2+1
) (𝛽𝑚+1(𝜔. 𝛽. 𝜆𝑐)𝑘(𝑠)                          (1.3) 

 

[Nak Eun Cho, strong differential subordination properties for analytic functions involving the komatu integral operator] cho 

boundary vale problems (2015), pp. [1-10] 

Where 𝐿(𝛿. 𝜔) is holomorphic function defined by 

𝐿(𝜔) = 𝑠 + ∑
𝜔

𝜔+𝜎+1
𝜉𝑐𝑠

𝜎 .∞
𝜎𝑘+1

 Note that form the above relations, 
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(𝛽𝑚(𝜔. 𝛽. 𝜆𝑐))
′
= (𝑠 + ∑ (

𝜔

𝜔+𝜎−1
)
𝛽𝑐−1𝑒𝑒

−𝛽2+1
𝜆𝑐

(𝑐−1)!
𝜉𝑐𝑠

𝑐∞
𝑐=𝑘+1 ) ∗ ((𝑠 + ∑

𝜔

𝜔+𝑐−1
𝜉𝑐𝑠

𝑐))
′

= (𝑠 +

∑(
𝜔

𝜔+𝑐−1
)
𝑚 𝛽𝑐−1𝑒𝑒

−𝛽2+1
𝜆𝑐

(𝑐−1)!
𝜉𝑐𝑠

𝑐)

′

= (𝛽𝑚(𝜔. 𝛽. 𝜆𝑐))
′
. 

 

Theorem1. Let 𝑣 = −𝑦|𝜔|𝜕. (𝜕 > 0. 𝜔 ∋
¢

{0}
. 𝑦 =

𝛼1+𝛼2

2
. 0 < 𝛼1 + 𝛼2 ≤ 1)                (2.1) 

 

Suppose that 𝑓 ∈ 𝒜 and  

𝒢(𝑠) =  ((
𝛽𝑚+1(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜕

. 𝑚 ≥ 0𝑎𝑛𝑑𝑠 ∈ 𝒰)       (2.2) 

 

If 𝑅𝑒 {1 +
𝒢(𝑠)′′

𝒢(𝑠)′
} > 𝑣. (𝑠 ∈ 𝒰)          (2.3)                                                            

 

And 𝑘(𝑠) ∈ 𝒜. Then the subordination condition  

 

(
𝛽𝑚+1(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜕

≺ 𝒢(𝑠)        (2.4)                                                                        

 

Implies 

 

𝛽𝑚(𝜔. 𝛽. 𝜆𝑒)𝐾(𝑠) ≺ 𝛽
𝑚(𝜔. 𝛽. 𝜆𝑒)𝐹(𝑠)         (2.5)                                                                     

 

 

Moreover, the function 𝛽𝑚(𝜔. 𝛽. 𝜆𝑒)𝐹(𝑠) is the best dominant. 

 

Proof. Let  𝐼1(𝑠) and 𝐼2(𝑠)  are two holomorphic functions in 𝒰, defined as   

 

𝐼1(𝑠) = ( 
𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐾(𝑠)

𝑠
)
𝜎

  

 

and  

 

𝐼2(𝑠) = (
𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎

          (2.6) 

 

Suppose that, without loss of generality, that 𝐼2(𝑠)  is holomorphic and univalent in 𝒰̅  

And 𝐼2(𝜉) ≠ 0 (|𝜉| = 1). If not , then for 0 < 𝑠 < 1, we have 𝐼1(𝑠)= 𝐼1(𝜉𝑠) .These new functions have the desired properties 

on 𝒰̅  , and we can use then in the proof of our result. Therefore, if we assume that  𝜉 ⟶ 1, we will get the result. So, if  

 

𝑄(s)= 1+
𝑠𝐼2

′′(𝑠)

𝐼2
′(𝑠)

 , (s ∈  𝒰)           (2.7)                                                                                                          

 

Then  𝑅𝑒(𝑄(𝑠)) > 0(s ∈  𝒰) , since  

 

𝐼2
′(𝑠) = 𝜎 (

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎−1

(
𝑠(𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

′+𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠))

𝑠2
)  

 

= 𝜎 (
𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎

(
𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
−1

(
𝑠(𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

′−𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠))

𝑠2
)  

 

= 𝜎 (
𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎

(
𝑠

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)
)(

(1+𝜔̅)

𝑒𝑒
−𝛽2+1

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)−
(1+𝜔̅)

𝑒𝑒
−𝛽2+1

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)−𝛽
𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠2
) =

𝜎 (
𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎

𝑠−1 (

(1+𝜔̅)

𝑒𝑒
−𝛽2+1

𝛽𝑚+1(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)
−

(1+𝜔̅)𝑒𝑒
−𝛽2+1

𝑒𝑒
−𝛽2+1

+ 1) =

𝜎 (
𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎

𝑠−1 (
1+𝜔̅

𝑒𝑒
−𝛽2+1

𝛽𝑚+1(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)
−

1+𝜔̅−𝑒𝑒
−𝛽2+1

+𝑒𝑒
−𝛽2+1

𝑒𝑒
−𝛽2+1

)  
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𝐼2
′(𝑠) = 𝜎 (

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎

(
1+𝜔̅

𝑒𝑒
−𝛽2+1

) (
𝛽𝑚+1(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)
− 1)

𝑒𝑒
−𝛽2+1

1+𝜔̅
  

 

𝑒𝑒
−𝛽2+1

𝐼2

′

(𝑠)

1+𝜔̅
= 𝜎 (

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝑠
)
𝜎

(
𝛽𝑚+1(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑒)𝐹(𝑠)
) − 𝜎 (

𝛽𝑚(𝜔.𝛽.𝜆𝑒)

𝑠
)
𝜎

  

 

= 𝜎𝒴(𝑠) − 𝜎𝐼2(𝑠) 

 

By simply computation, we get 

𝜎𝒴(𝑠) = 𝜎𝐼2(𝑠) +
𝑒𝑒
−𝛽2+1

𝑠𝐼2(𝑠)

1+𝜔̅
  

𝒴(𝑠) = 𝐼2(𝑠) +
𝑒𝑒
−𝛽2+1

𝑠𝐼2(𝑠)

1+𝜔̅
            (2.8) 

 

Differentiate both sides of (2.8), we have  

 

𝒴′(𝑠) = 𝐼′2(𝑠) +
𝑒𝑒
−𝛽2+1

(𝑆𝐼′′2(𝑠)+𝐼′2(𝑠))

𝜎(1+𝜔̅)
  

 

= 𝐼′2(𝑠) +
𝑆𝐼′′2(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
+

𝐼′2(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
  

 

= (1 +
1

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
) 𝐼′2(𝑠) +

𝑆𝐼′′2(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
          (2.9) 

 

Since 𝑄(𝑠) = 1 +
𝑆𝐼′′2(𝑠)

𝐼′2(𝑠)
 

 

𝑄(𝑠)𝐼′2(𝑠) = 𝐼′2(𝑠) + 𝑠𝐼′′2(𝑠)  

 

𝑠𝐼′′2(𝑠) = 𝑄(𝑠)𝐼′2(𝑠) − 𝐼′2(𝑠)  

 

That is  

𝒴′(𝑠) = (1 +
1

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
) 𝐼′2(𝑠) + [

𝑄(𝑠)𝐼′2(𝑠)−𝐼′2(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
]  

             = [(1 +
1

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
) +

𝑄(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
−

1
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
] 𝐼′2(𝑠)1 

 

             = (1 +
𝑄(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
)  

 

𝐼′2(𝑠)  
 

ln 𝒴′(𝑠) = ln((1 +
𝑄(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
) 𝐼′2(𝑠))  

 

𝒴′′(𝑠)

𝒴′(𝑠)
=

(1+
𝑄(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
) 𝐼′′2(𝑠)+𝐼

′
2(𝑠)(

𝑄(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
)

𝐼′2(𝑠)(
𝑄(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
)

` 

 

Therefore  

 

1+
𝒴′′(𝑠)

𝒴′(𝑠)
= 1 +

 𝐼′′2(𝑠)

𝐼′2(𝑠)
+ 

𝑠𝑄(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
∗

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)+𝑄(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)+𝑄(𝑠)
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= 1 +
 𝐼′′2(𝑠)

𝐼′2(𝑠)
+ 

𝑠𝑄′(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)+𝑄(𝑠)
= 𝑘1(𝑠)  

 

This is  

 

𝑘1(𝑠) = 𝑄(𝑠) +
𝑠𝑄′(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)+𝑄(𝑠)
                       (2.10) 

 

𝑘1(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1 + 𝜔̅) = 𝑄(𝑠) +
𝜎

𝑒𝑒
−𝛽2+1

(1 + 𝜔̅) +
𝑠𝑄′(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)+𝑄(𝑠)
             

 

=

(𝑄(𝑠)+
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅))

2

+𝑠𝑄′(𝑠)

(𝑄(𝑠)+
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅))

  

 

= 𝑄(𝑠) +
𝜎

𝑒𝑒
−𝛽2+1

(1 + 𝜔̅) +
𝑠𝑄′(𝑠)

𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)+𝑄(𝑠)
  

 

So, 

 

𝑅𝑒 (𝑘1(𝑠)
𝜎

𝑒𝑒
−𝛽2+1

(1 + 𝜔̅)) > 0 . (s ∈  𝒰)         (2.11) 

 

Next, and by using lemma 3, we conclude that the 𝑄(𝑠) is a solution to the deferential equation in (2.10) that lie in ℋ(𝒰). Such 

that  𝑘1(𝑠) = 𝑄(𝑠) = 1 at s=0. 

Now, let  

 

𝑁(𝑣1. 𝑣2) = 𝑣1 +
𝑣2

𝑣1+
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
+ 𝑣  

 

Where v is given by (2.1), the relations (2.10) and (2.11), give us  

 

 𝑅𝑒 (𝑁(𝑄(𝑠). 𝑠𝑄′(𝑠))) > 0 . (s ∈  𝒰) 

 

Where this conditions implies that 𝑅𝑒(𝑄(𝑠)) > 0, so to prove this , we must show that 𝑅𝑒(𝑁(𝑖𝑦. 𝑥)) ≤ 0 (where y ∈  𝑅. 𝑥 ≤

 −
1+𝑦2

2
)                                         (2.12) 

 

𝑅𝑒(𝑁(𝑖𝑦. 𝑥)) = 𝑅𝑒 {𝑖𝑦 +
𝑥

𝑖𝑦+
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅)
+ 𝑣}  

 

=

{
 
 

 
 𝜎

𝑒𝑒
−𝛽2+1

𝑥(1+𝜔̅)

𝑦2+(
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅))

2 + 𝑣

}
 
 

 
 

  

 

=

{
 
 

 
 

−
𝜎(1+𝑦2)

2𝑒𝑒
−𝛽2+1

(1+𝜔̅)

𝑦2+(
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅))

2 + 𝑣

}
 
 

 
 

  

 

=
−{[(1+𝜔̅)−2𝑒𝑒

−𝛽2+1
𝑣]𝑦2−2𝑣

𝜎

2𝑒𝑒
−𝛽2+1

(1+𝜔̅)2+𝜎(1+𝜔̅)}

2𝑒𝑒
−𝛽2+1

(𝑦2+(
𝜎

𝑒𝑒
−𝛽2+1

(1+𝜔̅))

2

)
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=
−𝜓(𝛼.𝛽.𝜔.̅̅ ̅ 𝑣.𝑦)

2𝑒𝑒
−𝛽2+1

(𝑦2+((1+𝜔̅))
2
)
  

 

Where 

 𝜓(𝛼. 𝛽. 𝜔.̅̅̅  𝑣. 𝑦) = [((1 + 𝜔̅) − 2𝑒𝑒
−𝛽2+1

𝑣) 𝑦2 − 2𝑣
𝜎2

𝑒𝑒
−𝛽2+1

(1 + 𝜔̅)2 + 𝜎(1 + 𝜔̅)]        (2.13) 

 

Clearly that 𝜓(𝛼. 𝛽. 𝜔.̅̅̅  𝑣. 𝑦) is positive for v given by (2.1).This implies that (2.12) holds , we conclude as an application of 

lemma (2) that  𝑅𝑒(𝑄(𝑠)) > 0. (𝑠 ∈ 𝒰). also by (2.7) we know that 𝐼2(𝑠) is convex, now we define a new function  

𝒯(𝑠. 𝑥) = 𝐼2(𝑠) +
(1+𝑥)𝑒𝑒

−𝛽2+1
(𝑠𝐼′(𝑠))

𝜎(1+𝜔̅)
  (0 ≤ 𝑥 < ∞. 𝜎 > 0𝑎𝑛𝑑 𝛽 > 0. 𝑠 ∈ 𝒰)           (2.14) 

 

By property of 𝐼2(𝑠) , we have  

 

𝜕𝒯(𝑠.𝑥)

𝜕𝑠
|
𝑠=0

= (1 +
(1+𝑥)𝑒𝑒

−𝛽2+1

𝜎(1+𝜔̅)
) 𝐼2

′(0)  

 

≠ 0 (0 ≤ 𝑥 < ∞. 𝜎 > 0𝑎𝑛𝑑 𝛽 > 0. 𝑠 ∈ 𝒰) 
 

That is  

 

𝑠𝜕𝒯(𝑠.𝑥)

𝜕𝑠
𝜕𝒯(𝑠.𝑥)

𝜕𝑥

=
𝑠𝐼′2(𝑠)+

(1+𝑥)𝑒𝑒
−𝛽2+1

(𝑠2𝐼′′(𝑠)+𝑠𝐼′2(𝑠))

𝜎(1+𝜔̅)

(1+𝑥)𝑒𝑒
−𝛽2+1

𝜎(1+𝜔̅)

  

 

=
𝜎(1+𝜔̅)𝑠𝐼′2(𝑠)+(1+𝑥)𝑒

𝑒−𝛽
2+1

(𝑠2𝐼′′(𝑠)+𝑠𝐼′2(𝑠))

𝜎(1+𝜔̅)

𝜎(1+𝜔̅)

𝑒𝑒
−𝛽2+1

𝑠𝐼′2(𝑠)
 

 

=
𝜎(1+𝜔̅)

𝑒𝑒
−𝛽2+1

+ (1 + 𝑥) (
𝑠2𝐼′′(𝑠)

𝐼′2(𝑠)
) 

 

=
𝜎(1+𝜔̅)

𝑒𝑒
−𝛽2+1

+ (1 + 𝑥)𝑄(𝑠) 

 

Hence  

 

𝑅𝑒 {
𝑠𝜕𝒯(𝑠.𝑥)

𝜕𝑠
𝜕𝒯(𝑠.𝑥)

𝜕𝑥

} = 𝑅𝑒 {
𝜎(1+𝜔̅)

𝑒𝑒
−𝛽2+1

+ (1 + 𝑥)𝑄(𝑠)} > 0. (0 ≤ 𝑥 < ∞.𝜎 > 0𝑎𝑛𝑑 𝛽 > 0. 𝑠 ∈ 𝒰)  

 

Thus, by applying lemma 1, we obtain that 𝒯(𝑠. 𝑥)  is a subordination chain, thus from the definition of subordination chain that  

 

𝒴(𝑠) = 𝐼2(𝑠) +
𝑒𝑒
−𝛽2+1𝐼′2(𝑠)

𝜎(1+𝜔̅)
= 𝑇(𝑠. 0) = 𝐼2(𝑠) + 

(1+0)𝑒𝑒
−𝛽2+1𝐼′2(𝑠)

𝜎(1+𝜔̅)
  

 

Therefore, we get 

 

𝑇(𝑠. 0) ≺ 𝑇(𝑠. 𝑥) for 0 ≤ 𝑥 < ∞ 

 

This ensure that  

 

𝑇(𝒴. 𝑥) ∉ 𝑇(𝒰. 0) =  𝒴(𝒰)  
(0 ≤ 𝑥 < ∞.𝒴 ∈ 𝜕𝒰 )          (2.15) 

 

If 𝐼1(𝑠) ⊀ 𝐼2(𝑠). 
As an application of lemma, there exist two points 𝑠0 ∈ 𝒰 and 𝑦0 ∈ 𝜕𝒰 such that 𝐼1(𝑠0) = 𝐼2(𝑦0) and 𝑠0𝐼′1( 𝑠0) =
(1 + 𝑥)𝑦0 𝐼2(𝑦0) (0 ≤ 𝑥 < ∞)  (2.16) 

 

Thus, by the relations (1.7) and (2.16), we have  
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𝑇(𝑦0) = 𝐼2(𝑦0) +
(1+𝑥)𝑒𝑒

−𝛽2+1(𝑦0)

𝜕(1+𝜔̅)
= 𝐼1(𝑠0) +

(1+𝑥)𝑒𝑒
−𝛽2+1𝑠0𝐼1(𝑠0)

𝜕(1+𝜔̅)
     

 

= (
𝛽𝑚(𝜔.𝛽.𝜆𝑐

𝑠0
)
𝜕

+
𝑒𝑒
−𝛽2+1

(
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)

𝑠0
)

𝜕−1

(
𝑠0(𝛽

𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0))
′
−𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝑠0
2 )

𝜕(1+𝜔̅)
  

= (
𝛽𝑚(𝜔.𝛽.𝜆𝑐

𝑠0
)
𝜕

+

𝑒𝑒
−𝛽2+1

(𝜕(
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)

𝑠0
))

𝜕

𝑠0
𝑠0

𝑠0
2𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

(

 
𝑠0(1+𝜔̅)(𝛽

𝑚+1(𝜔.𝛽.𝜆𝑐)𝑘(𝑠))−(1+𝜔̅+𝑒
𝑒−𝛽

2+1
)𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝑒𝑒
−𝛽2+1

)

 

𝜕(1+𝜔̅)
𝛽𝑚(𝜔. 𝛽. 𝜆𝑐)𝑘(𝑠)  

 

= (
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)

𝑠0
)
𝜕

+
𝜕(
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)

𝑠0
)
𝜕

1

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)
((1+𝜔̅)𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)−(1+𝜔̅)𝛽

𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠))

𝜕(1+𝜔̅)
   

 

= (
𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)

𝑠0
)
𝜕

∈ 𝒴(𝒰)  

 

This contradict with (2.15), thus we obtain that 𝐼1(𝑠) ≺ 𝐼2(𝑠). 
Conclude that 𝐼1(𝑠) = 𝐼2(𝑠),observing that𝐼2(𝑠) is the best dominant. 
Thus, we get the required result. 

The following result is an application of super ordination to univalent function. 

Treorem2. Suppose that 𝐼1(𝑠). 𝐼2(𝑠)  are two function in 𝒜 

 

𝑅e{1 +
𝑠𝒢′′(𝑠)

𝒢′(𝑠)
} > 𝑣 (𝒢 ′(𝑠) = (

𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝑠
)
𝜕

. 𝑚 ≥ 0. 𝑠 ∈ 𝒰)          (2.17) 

 

When v is given by (2.1). suppose that 
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝑠
∈ 𝑄 and (

𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝑠
)
𝜕

is univalent in 𝒰.   

 

Then (
𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝑠
)
𝜕

≺ (
𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠0)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝑠
)
𝜕

   

 

Ensure that 

 

(
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝑠
)
𝜕

≺ (
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝑠
)
𝜕

   

 

Thus the (
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝑠
)
𝜕

 the best dominant. 

 

The following result is a composite of theorem 1and 2, which known sandwich theorem. 

Theorem 3. Assume that 𝑘(𝑠). 𝑓𝑘(𝑠) ∈ 𝒜. (𝑘 = 1.2) and  

 

𝑅e{1 +
𝑠𝒢′′(𝑠)

𝒢′(𝑠)
} > 𝑣 (𝒢 ′(𝑠) = (

𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝐹𝑘(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹𝑘(𝑠)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝑠
)
𝜕

. 𝑘 = 1.2. ; 𝜕 > 0;  𝑚 ≥ 0. 𝑠 ∈ 𝒰)            

 

Where v given by (2.1). If 
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹(𝑠)

𝑠
∈ 𝑄 and  

 

𝑘∗(𝑠) = (
𝛽𝑚+1(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)
) (

𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝑠
)
𝜕

  is univalent in  𝒰. then 𝒢1(𝑠) 𝒢1(𝑠) ≺ 𝑘
∗(𝑠) ≺ 𝒢2(𝑠). 

 

Implies that 

(
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹1(𝑠)

𝑠
)

𝜕

≺ (
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝑘(𝑠)

𝑠
)
𝜕

≺ (
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹2(𝑠)

𝑠
)
𝜕

 and (
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹1(𝑠)

𝑠
)
𝜕

 represent the best subordinate and 

(
𝛽𝑚(𝜔.𝛽.𝜆𝑐)𝐹2(𝑠)

𝑠
)
𝜕

 refer to the best dominant. 
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