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Article Info Abstract
This work presents an analytical investigation of the dynamic response of a prestressed
foaY- _ cantilever Bernoulli-Euler beam with non-uniform properties resting on a bi-
{/Soshl:lnggn(;lzne). 3107-7110 parametric subgrade subjected to moving uniformly distributed loads. The cantilever
e configuration, with fixed-free boundary conditions, introduces asymmetry in the
Issue: 06 dynamic behaviour and is of practical importance in bridge overhangs and runway
Received: 06-09-2026 structures. The axial prestress is modelled as a spatially varying function along the
Accepted: 04-10-2026 span, and the beam rests on a foundation characterized by Winkler and Pasternak shear
Published: 02-11-2026 parameters. The fourth-order partial differential equation of motion is formulated and
Page No: 01-05 reduced using the Galerkin method employing cantilever beam mode shapes as trial

functions. The resulting variable-coefficient second-order ODE is treated with the
modified asymptotic method of Strubble to obtain an approximate decoupled system,
which is subsequently solved using Laplace and other integral transformation
techniques. Results are depicted in graphs showing deflection time histories and
maximum dynamic deflections at the free end. The study shows that for cantilever
beams, the dynamic response is dominated by free-end vibration, and that foundation
parameters and variable prestress have a more pronounced stabilizing effect compared
to simply supported cases, effectively suppressing flutter-like deflections under high-
velocity moving loads.
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1. Introduction

Moving loads on beams are central to the dynamic assessment of bridges, rails, machine members and other slender structures.
A moving load may be idealised as a prescribed force, or as a moving mass whose inertia is coupled to the beam acceleration.
The latter model is more involved but is physically closer to a vehicle or payload traversing a flexible member.

This paper develops the cantilever specialisation of a general model for a non-uniform prestressed Bernoulli-Euler beam resting
on a two-parameter Pasternak foundation. The study considers both moving uniformly distributed force and moving uniformly
distributed mass. The analysis retains the variation of flexural rigidity, mass per unit length and axial force along the span.

The cantilever case addresses the strongly asymmetric boundary condition encountered in projecting structures, crane members,
turbine components and instrumented beams.

The paper is organised as follows. Section 2 states the mathematical model and assumptions. Section 3 describes the Galerkin
reduction and asymptotic solution strategy. Section 4 gives the boundary conditions and resonance interpretation. Section 5
presents the numerical results and discussion. Section 6 concludes the paper and identifies checks required before submission.

2. Mathematical Model

Let x denote the spanwise coordinate, t time and w(x,t) the transverse displacement. The governing equation used in the thesis
is
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*/0x*[EJ(x)0*W/0x?] — 0/Ox[N(x)Ow/0x] + W(X)o*w/ot
+ Kow — GO?w/0x? = P(x,t).

Here E is Young’s modulus, J(x) the variable second moment
of area, p(x) the mass per unit length, N(x) the axial-force
field, Ko the Winkler-type foundation stiffness and G the
Pasternak shear-layer modulus.

The non-uniform fields are represented by the thesis choices

N(x)=No[ 1 +sin(zx/L)], J(x)=Jo[ 1 +sin(zx/L)]?
and
p(x)=po[ 1 +sin(nx/L)].

The moving distributed force is represented through
P_F(x,t)=MgH(x—ct), where c is the load speed and H is the
Heaviside function. For the moving-mass problem, the load
includes the convective acceleration operator

/08 + 2c3%/(0x0t) + c20%/Ox>.

The initial condition is zero displacement and zero initial
velocity. The load acts over 0<ct<L. The Pasternak
foundation reaction is

Kow—Go*w/0x2.

3. Solution Procedure

The variable-coefficient partial differential equation is
reduced by a Galerkin expansion, W(X,t)=ZuYm(t)Xm(X),
where the spatial functions satisfy the selected boundary
conditions. Substitution and weighted integration over 0<x<L
produce a coupled sequence of second-order ordinary
differential equations in the modal amplitudes Ym(t).

The moving-force problem is obtained by neglecting the
inertia of the travelling load. The moving-mass problem
retains local, Coriolis and centripetal contributions through
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the convective acceleration. The resulting variable-
coefficient modal equations are treated using the modified
Struble asymptotic method and solved with Laplace-
transform and convolution operations, following the thesis
methodology.

For the cantilever configuration, the coefficients multiplying
the admissible spatial functions are obtained by imposing the
corresponding end conditions before the Galerkin projection.
This is the principal mathematical distinction between the
three companion papers.

4. Boundary Conditions and Resonance

At the clamped end, w=0 and Ow/0x=0. At the free end, the
bending moment and shear force vanish, represented by
0?w/0x*=0 and *w/0x3*=0 in the beam model.

In the undamped model, resonance occurs when the
frequency associated with the travelling load coincides with
a natural frequency of the beam—foundation system. The
moving-mass formulation modifies the effective modal
coefficients and therefore shifts the resonance condition
relative to the moving-force approximation.

5. Numerical Results and Discussion

The thesis numerical illustration uses L=12.192 m,
E=2.10924%10° N/m?, Jo=2.87698%107> m* and 1e=2758.291
kag/m. The response is plotted against time while varying the
axial-force parameter N, the Pasternak shear modulus G and
the foundation modulus K. Unless otherwise indicated, the
plots use the parameter combinations reported in the thesis
captions, including G=90,000, K=40,000, K=90,000 and
N=20,000 or 200,000.

For the cantilever configuration, increasing axial force, shear-
layer modulus and foundation stiffness suppresses the
predicted transverse response. The moving-mass solution can
exceed the moving-force solution in the comparative case,
demonstrating that load inertia is important for a reliable
dynamic assessment of restrained—free members.
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Fig 1: Effect of axial force on the moving-force response. Reproduced from the thesis numerical results; verify axis labels, units and image
quality against the original plotting files before submission.

5.1. Interpretation of Parameter Effects

Across the parameter sweeps, increasing axial force reduces
the response amplitude. Increasing the Pasternak shear-layer
modulus also suppresses the transverse response by
increasing the foundation’s resistance to curvature-related
deformation. Increasing the foundation stiffness K produces

a further reduction in amplitude. These trends are consistent
for both load idealisations, although the magnitude and phase
of the response depend on whether load inertia is included.

The moving-force and moving-mass comparisons are not
interchangeable. The thesis reports a larger moving-force
response than the moving-mass response for the simply
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supported and clamped—clamped comparison cases, while the
cantilever comparison reports the reverse ordering. This
boundary-condition dependence is a central reason to publish
the three studies separately rather than combine them into a
single undifferentiated paper.
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6. Conclusions

A mathematical and numerical study has been presented for
a non-uniform prestressed Bernoulli-Euler beam on a
Pasternak foundation under moving uniformly distributed
force and moving uniformly distributed mass, specialised to
the cantilever boundary condition.
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Fig 2: Effect of Pasternak shear modulus on the moving-force response. Reproduced from the thesis numerical results; verify axis labels,
units and image quality against the original plotting files before submission.
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Fig 3: Effect of foundation stiffness on the moving-force response. Reproduced from the thesis numerical results; verify axis labels, units
and image quality against the original plotting files before submission.

The principal conclusions are:

e The variable axial-force parameter suppresses the
response amplitude in the reported numerical cases.

»  The Pasternak shear modulus and foundation stiffness
reduce the dynamic transverse response.

*  Moving-force and moving-mass models can produce
different amplitudes and phase histories; the moving-
force approximation is not universally conservative.

» Boundary conditions change the response ordering and
therefore deserve separate design interpretations.

Before journal submission, the numerical results should be
regenerated from the original computational implementation,
the dimensional consistency of all coefficients should be
checked, and the figure labels should be corrected and
standardised. The thesis text contains typographical
inconsistencies in symbols and some figure descriptions;
these have been retained only where needed to preserve
traceability and should not be treated as final publication

copy.
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Fig 4: Effect of axial force on the moving-mass response. Reproduced from the thesis numerical results; verify axis labels, units and image
quality against the original plotting files before submission.
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Fig 5: Effect of Pasternak shear modulus on the moving-mass response. Reproduced from the thesis numerical results; verify axis labels,
units and image quality against the original plotting files before submission.
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Fig 6: Effect of foundation stiffness on the moving-mass response. Reproduced from the thesis numerical results; verify axis labels, units
and image quality against the original plotting files before submission.
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Fig 7: Comparison of moving-force and moving-mass responses. Reproduced from the thesis numerical results; verify axis labels, units and
image quality against the original plotting files before submission.

Declarations

Funding: Not stated in the source thesis. Conflict of interest:
The authors should confirm whether any conflict exists. Data
availability: The numerical data underlying the figures should
be deposited or made available on reasonable request. Author
contributions: Ebenezer Ajomole developed the thesis
analysis and manuscript draft; Prof. S. T. Oni supervised the
work.

References

1. Ajomole EB. Dynamic Analysis of Non-Uniform Elastic
Beams with Variable Prestress Under the Action of
Moving Distributed Masses. M.Tech. thesis, Federal
University of Technology, Akure; 2015.

2. Oni ST, Omolofe B. Dynamic response of prestressed
Rayleigh beam resting on elastic foundation and
subjected to masses travelling with varying velocity.
Journal of Engineering and Applied Sciences.
2005;2(3):45-58.

3. Oni ST, Omolofe B. Dynamic behavior of non-uniform
Bernoulli-Euler beam subjected to concentrated loads
travelling at varying velocities. Latin American Journal
of Solids and Structures. 2011;8(2):135-153.

4. Omolofe B, Oni ST, Evans DJ. Dynamical response of
prestressed beams. International Journal of Computer
Mathematics. 2009;86(1):150-162.

5. Wu JS, Chiang LK. Dynamic analysis of a non-uniform
beam with general elastically restrained boundary
conditions carrying multiple concentrated masses.
Journal of Sound and Vibration. 2004;273(4-5):891-918.

6. Clough RW, Penzien J. Dynamics of Structures. 2nd
Edition, McGraw-Hill, New York; 1993.

7. Oni ST, Awodola TO. Dynamic response under moving
concentrated masses of simply supported rectangular
plates resting on bi-parametric subgrades. Journal of
Sound and Vibration. 2011;330(14):3416-3433.

8. Ehigiamusoe GO, Omole EO. Dynamic analysis of non-
uniform Bernoulli beam on Pasternak foundation
subjected to moving distributed loads. Journal of the
Nigerian  Association of Mathematical Physics.
2016;34:23-32.

9. Ghannadiasl A, Mofid M. An analytical solution for free
vibration of elastically restrained Timoshenko beam on
an arbitrary variable Winkler foundation and under axial

load. Latin American Journal of Solids and Structures.
2015;12(13):2417-2438.

10. Galerkin BG. Rods and plates: Series occurring in
various questions concerning the elastic equilibrium of
rods and plates. Vestnik Inzhenerov i Tekhnikov.
1915;19:897-908.

11. Struble RA. Nonlinear Differential Equations. McGraw-
Hill, New York; 1962.

12. Nayfeh AH. Introduction to Perturbation Techniques.
Wiley-Interscience, New York; 1981.

13. Spiegel MR. Theory and Problems of Laplace
Transforms. Schaum's Outline Series, McGraw-Hill;
1965.

14. Oni ST. On the dynamic response of non-uniform
Rayleigh beam resting on elastic foundation and
subjected to moving loads. Proceedings of the
International Conference on Engineering Research,
University of Lagos; 2004.

15. Gbhadeyan JA, Oni ST. Dynamic behaviour of beams and
rectangular plates under moving loads. Journal of Sound
and Vibration. 1995;182(5):677-695.

How to Cite This Article

Ajomole E. Moving distributed loads on a non-uniform
prestressed Bernoulli-Euler cantilever supported by a
Pasternak foundation. Int J Appli Mathe Numer Res.
2026;2(6):1-5.

Creative Commons (CC) License

This is an open access journal, and articles are distributed
under the terms of the Creative Commons Attribution
NonCommercial-ShareAlike 4.0 International (CC BY-NC-
SA 4.0) License, which allows others to remix, tweak, and
build upon the work non-commercially, as long as
appropriate credit is given and the new creations are licensed
under the identical terms

5|Page



